ia AA DAL Lin 


KONINKLIJKE AKADEMIE VAN WETENSCHAPPEN 
TE AMSTERDAM. 


PROCEEDINGS 


VOLUME XXlIl 
Nos, 9 and 10. 


President: Prof. H. A. LORENTZ. 


Secretary: Prof. P. ZEEMAN. 


(Translated from: ““Verslag van de gewone vergaderingen der Wis- en 


Natuurkundige Afdeeling,” Vol. XXVIID. 


CONTENTS. 


A. SCHOENFLIES: “Zur Axiomatik der Mengenlehre”. (Communicated by Prof. L. E. J. BROUWER), 
p. 784. 

L. E. ]. BROUWER: “Ueber eineindeutige, stetige Transformationen von Flächen in sich”. (Sechste 
Mitteilung), p. 811. 

F. M. JAEGER: “On the Symmetry of the Röntgenpatterns Obtained by means of Systems Composed 
of Crystalline Lamellae, and onthe Structure of Pseudo-Symmetrical Crystals”,p.815.(With one plate). 

L. EERLAND and W. STORM VAN LEEUWEN: “On Adsorption of Poisons by Constituents of the 
Animal Body. I. The adsorbent power of serum and brainsubstance for Cocain”. (Communicated 
by Prof. R. MAGNUS), p. 831. 

A. D. FOKKER: “The Contributions from the Polarization and Magnetization Electrons to the Electric 
Current”. (Communicated by Prof. H. A. LORENTZ), p. 850. 

N. G. W. H. BEEGER: “Ueber die Zerlegungsgezetze für die Primideale eines beliebigen algebraischen 
Zahlkörpers im Körper der 1%-ten Einheitswurzeln”. (Communicated by Prof. W. KAPTEYN). p. 873. 

A. SMITS: “The Electromotive Behaviour of Aluminium” I. (Communicated by Prof. H. A. LORENTZ), 
p. 876, 

ARNAUD DENJOY: “Sur les ensembles clairsem&s”. (Communicated by Prof. L. E. ]. BROUWER), 
p. 882. 

FERNAND MEUNIER: “Quelques insectes de l’Aquitainen DE ROTT, Sept-Monts (Prusse rh&nane)”. 
(Communicated by Prof. K. MARTIN), p. 891. (With one plate). 

M. W. BEIJERINCK: “Chemosynthesls at denitrification with sulfur as source of energy”, p. 899. 

K. W. RUTGERS: “Complexes of Plane Cubics with Four Base Points”. (Communicated by Prof. 
JAN DE VRIES), p. 909. 

W. STORM VAN LEEUWEN and Miss C. VAN DEN BROEKE: “Experimental Influence on the Sensitivity 
of various Animals and of Surviving Organs to Poisons”, (Part I). (Communicated by Prof. R. 
MAGNUS), p. 913. 

W. STORM VAN LEEUWEN and Miss VAN DER MADE: “Experimental Influence on the Sensitivity of 
various Animals and of Surviving Organs to Poisons”. (Part Il). (Communicated by Prof. R. 
MAGNUS), p. 927. 

JAN DE VRIES: “A Congruence of Orthogonal Hyperbolas”, p. 943. - 

R. MAGnuUs and A. DE KLEIJN: “On Optic “Stellreflexe” in the Dog and in the Cat”, p. 948. 

C, PH. SLUITER: “Rhythmical Skin-growth and Skin-design in Amphibians and Reptiles”, p. 954. 

J. DE HAAN and K. J. FERINGA: “On the genetic relation between Iymphocytes and granulated 
leucocytes”. (Communicated by Prof. H. J. HAMBURGER), p. 962. 

Erratum, p. 974. 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 


Mathematics — “Zur Ariomatik der Mengenlehre”. By Prof. A. 
ScHoknFLies, Frankfurt a. M. (Communicated by Prof. L. E. J. 


BROUWER). 
(Communicated at the meetings of February 28 and March 27, 1920). 


Die Hilbertsche Grundlegung der Geometrie darf für alle analogen 
Untersuchungen als vorbildlich gelten. Zwei ihrer Eigenschaften sind 
es, auf die eg hier ankommt. Erstens wird von allen sprachlichen 
Definitionen der Objecte, mit denen sie operiert, wie Punkt, Gerade, 
zwischen u.s.w. abgesehen; nur ihre gegenseitigen Beziehungen und 
deren Grundgesetze werden axiomatisch an die Spitze gestellt '). 
Zweitens werden die Axiome in verschiedene Gruppen gewisser 
Eigenart und Tragweite gespalten (die des Schneidens und Verbin- 
dens, die Axiome der Ordnung, der Kongruenz u.s.w.), und es ist 
eine wesentliche Aufgabe des axiomatischen Aufbaues, zu prüfen, 
bis zu welchen Resultaten eine einzelne oder mehrere dieser Gruppen 
für sich führen. Die gleiche Behandlung eignet sich für die Mengen- 
lehre. Von sprachlicher Einführung der Begriffe Menge, Bereich 
u.s.w. ist daher ebenso abzusehen, wie von der des Punktes oder 
Raumes. Ebenso kann man hier gewisse Axiomgruppen unterscheiden, 
die Axiome der Aequivalenz, die Axiome der Ordnung u.s.w. und 
kann die gleichen Fragen stellen, wie im Gebiet der Geometrie. 
Dies soll im Folgenden geschehen, und zwar für denjenigen Teil, der 
nur mit der Aequivalenz der Mengen, der Mengenteilung und Men- 
genverbindung, sowie der Mengenvergleichung operiert. 

Will man die Probleme der Mengenlehre einer derartigen Behand- 
lung unterwerfen, so ist es oberstes Erfordernis, die Begriffe der 
endlichen und der unendlichen Menge auf einer Grundlage einzu- 
führen, die nur die ebengenannten Fundamentalbegriffe benutzt. 
Solche Definitionen sind ja in der Dedekindschen Begriffsbestimmung 
vorhanden: Eine Menge M heisst unendlich, wenn es eine (ächte) 
Teilmenge M’ von M giebt, die aequivalent M ist; sie heisst endlich, 


!) Der Euklidische Aufbau beginnt noch mit den Worten: Ein Punkt ist, was 
keine Teile hat. Eine Linie ist eine Länge ohne Breite usw. In dem Verzicht auf 
alle solchen sprachlichen Begriffsbestimmungen liegt einer der wesentlichen 


Hilbertschen, und durch ihn modern gewordenen Gedanken. Die Mengenlehre hat 
sich ihm bisher nicht erschlossen. 
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wenn es eine solche Teilmenge nicht giebt. Sie haben daher den 
alleinigen Ausgangspunkt zu bilden. 

Die historische Entwickelung der Mengenlehre ist freilich wesent- 
lich anders vor sich gegangen. Während vorstehend die unendliche 
Menge als das logisch positiv bestimmte Object erscheint, und die 
endliche Menge als ihr logisches Gegenteil, ist die historische Ent- 
wickelung umgekehrt von den endlichen Mengen als wohlbekannten 
mathematischen Objeceten ausgegangen, und hat die unendlichen 
Mengen als Gegensatz der endlichen Mengen eingeführt. Der so 
benutzte Begriff der endlichen Mengen gehört aber bereits einem 
Gebiet an, das sich nicht mehr ausschliesslich an die Aequivalenz- 
beziehungen anschliesst. Der historisch überkommene Begriff der 
endlichen Menge ruht ja überhaupt nicht auf axiomatischer Grund- 
lage. Mag man ihn sprachlich oder empirisch oder anschaulich 
auffassen, er war im wesentlichen an der Hand des Zahlbegriffs 
entstanden und ruht jedenfalls auf Voraussetzungen, in die auch die 
Ordnung als Grundbegriff eingeht. Diese gehört aber bereits einer 
Begriffsgruppe an, von der hier abzusehen ist. So laufen in deı 
historischen Entwickelung der Mengenlehre zwei wesentlich verschie- 
dene Bestimmungen der endlichen und unendlichen Mengen unver- 
mittelt neben einander her und erschweren infolgedessen die Frage 
nach dem, was den einzelnen Sätzen axiomatisch zu Grunde liegt. 
Auch insofern ist eine Klärung des Sachverhalts wünschenswert. 

Das Resultat erweist sich in zwei Punkten als durchaus eigenartig. 
Die Vergleichung der Mengen bezüglich ihres Grössencharacters ist 
nämlich nichts, was dem Mengenbegriff allein eigentümlich ist; sie 
betrifft allgemeiner alle Objecte, für die man das Ganze und den 
Bestandteil unterscheiden kann. Die Axiomatik, die hier entwickelt 
wird, ist also richtiger eine Axiomatik der Gröszenlehre, und zwar 
in dem besonderen Fall, dass es auch Grössen von unendlichen 
Character giebt. Dies bedingt, dass die Zlemente der Mengen im 
Folgenden gar nicht benutzt werden; immer nur bilden die an sich 
möglichen Beziehungen zwischen den Ganzen und ibren Teilen den 
Gegenstand der Untersuchung. Deren auf axiomatischer Grundlage 
ruhende, umfassende Erörterung bildet den eigentlichen Inhalt der 
Arbeit. Ich habe aber doch die gewohnten Mengenbezeichnungen 
beibehalten. Für die Zlemente der Mengen wird erst am Schluss 
eine auf den Begriff der Teilmenge sich stützende Einführungs- 
möglichkeit gezeigt. Sie erscheinen als solche Teilmengen, die selbst 
nieht weiter in Teilmengen zerlegbar sind (gleichsam als die Atome). 

Eine zweite Eigenart der Untersuchung betrifft die logischen Not- 


wendigkeiten, die der axiomatische Aufbau dieses besondern Gebietes 
52* 
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verlangt. Ausser den selbstverständlichen axiomatischen Festsetzungen 
über die Regeln, nach denen man mit den Begriffen der Aequivalenz, 
der Teilmengen usw. zu operieren hat, treten auch noch Annahmen 
auf, die man wohl nicht erwarten mag. Bei ihrer Einführung handelt 
es sich aber — und darin besteht die genannte Eigenart — weniger 
um spezifisch mathematische Notwendigkeiten, als vielmehr um rein 
logische, also um Festsetzungen, die deshalb nötig sind, weil man 
ohne sie — um welches wissenschaftliche Gebiet.es sich handeln 
mag - aus den in Frage stehenden Voraussetzungen Schlüsse über- 
haupt nicht ableiten kann. Fin allgemeiner Grundsatz der Logik 
lautet: E mere negativis nihil sequitur; d.h. aus lauter negativen 
Prämissen kann eine Folgerung nicht gezogen werden. Aus den Sätzen 
kein A ist ein ®, kein ® ist ein € 
lässt sich in der Tat eine Beziehung zwischen 9 und € nicht ent- 
nehmen; und ebensowenig gestatten die Sätze 
kein ® ist ein U, kein € ist ein A 

eine Beziehung zwischen ® und ©). Gerade solche Prämissen sind 
es aber, die uns bei den mengentheoretischen Problemen mehrfach 
begegnen, und deshalb der Einführung einer zwischen A und € oder 
zwischen ® und & vorhandenen Beziehung den Stempel der axio- 
matischen Notwendigkeit aufdrücken. 


$ 1. Die Aequivalenz. 


Die mathematischen Objecte, von denen im Folgenden die Rede 
sein wird, heissen Mengen (Teilmengen, Verbindungsmengen). Alle 
sollen denselben Aequivalenzbeziehungen gehorchen, die wir als 
Aziome der Aequivalenz (—) einführen. Sie lauten: Sind M, N, P 
verschiedene Mengen, so gilt 

l. Au MN folgt NM. 
U. Au M=-N und N Pfols M—-P. 


!) Aus den Vordersätzen 
ist nicht ®, 9 ist nicht € 
kann freilich in gewissen Fällen doch eine positive Folgerung gezogen werden und 
zwar für N selbst. Nämlich dann, wenn man eine zwischen ® und © bestehende 
positive Beziehung kennt. Aus den Sätzen: 


Das Dreieck D ist nicht spitzwinklig und 
Das Dreieck ® ist nicht stumpfwinklig 


folgt, dass D rechtwinklig ist. Hier liegen nämlich nur scheinbar ausschliesslich 
negative Prämissen vor; zu ihnen kommt als positive der Satz: Jedes Dreieck ist 


entweder spilzwinklig oder stumpfwinklig oder rechtwinklig. Vgl. auch die Anmer- 
kung auf S. 839. ‘ 
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Der Aequivalenzbegriff hat also sowohl kommutativen, wie auch 
assoziativen Character. 

Aus diesen Axiomen folgt: £ 
1. Aus MN und N nicht — P folgt M nicht = P. Denn 
wäre M  P, so würde daraus in Verbindung mit N — M gemäss 

I weiter N — P folgen, im Gegensatz zur Voraussetzung. 

Die Axiome I u. II zeigen, dass sie die Ausdehnung auf den Fall 
zulassen, dass M und N dieselbe Menge bedeuten. Wir fügen also 
als weiteres Axiom hinzu 

III. Es st MM. 


$ 2. Teilmengen und Verbindungsmengen. 


Ist M’ Teilmenge von M, so soll dies durch 
M'tM 

bezeichnet werden. Wir nehmen durchweg an, dass M' von M 
verschieden ist, und nennen insofern M’ auch ächte oder eigentliche 
Teilmenge von M. 

Für die Teilmengen sollen folgende Axiome gelten Akon der 
Teilmengen) : 

I. Aus M’tM und M’:tM’ folgt M’’ıiM. 

II. Jede Teilmenge M’ von M bestimmt eindeutig eine zweite Teil- 
menge M, von M, die ihre Komplementärmenge bezüglich M heisst. 

III. Die Komplementärmenge von M, ist wiederum M'. 

Wir dürfen daher folgende Bezeichnungen einführen. Wir schreiben 
M,kM' resp. M'kM, und setzen dem gemäss (Ill) in die Form 

III’. Aus M,kM' folgt M’kM.. 

Für die Beziehung von M, und M’ zur Menge M selbst schreiben wir 

M=(M,,M')—=(M', M,), 

und sagen, dass M in die Teilmengen M’ und M, zerfällt. Zusam- 
menfassend können wir also sagen: 

Aus M’tM folgt M,tM, M,kM’, M'’kM, M=(M'’, M,). 

Seien nın M und N zwei Mengen, so können bezüglich ihrer 
Teilmengen zwei Fälle eintreten. Entweder gibt es für M und N 
identische Teilmengen, oder es giebt keine solchen Teilmengen. In 
diesem Fall nennen wir die Mengen fremd zu einander, oder kurz 
fremd, und schreiben 

MYN resp. N fM. 

Für fremde Mengen gilt der Satz: 

1. Sind M und N fremde Mengen, so ist auch jede Teilmenge 
von M zu jeder Teilmenge von N fremd; d. h. 
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Aus MfN, M'tM, N’tN folgt M’f N”. 

Wären nämlich die Teilmengen M’ und N’ nicht fremd, und ist 
P eine in beiden enthaltene Teilmenge, so hätte man 

PtM’, M'tM und PtN’, N’tM, 
und daher gemäss I auch 
2>=PT YeundeE 
im Widerspruch mit der Voraussetzung. 

1a. Der Satz gilt auch so, dass M’ zu N selbst, und ebenso N’ 
zu M fremd ist. Der Beweis ist derselbe. 

Wir stellen weiter folgende Axiome auf: 

IV. Die beiden Komplementärmengen M’ und M, einer Menge M 
sind fremde Mengen; d. h. 

Aus M,kM’ folgt M,fM’. 

Diese Beziehung soll aber auch umgekehrt gelten ; zu diesem Zweck 
führen wir folgendes weitere Axiom ein (Awiom der Verbindungs- 
mengen). 

V. Zwei fremde Mengen N und P bestimmen eine und nur eine 
Menge M, deren Komplementärmengen sie sind; d. h. 

Aus N/Pfost NtM, PtM und NkP. 

Die Axiome IV und V lassen sich also auch so auffassen, dass die 
Beziehungen NAkP und N/P gleichwertig sind.. Wir nennen 
die Menge (N, P) die Verbindungsmenge von N und P. Es folg 
noch 

2. Die Mengen N und P sind von ihrer Verbindungsmenge M = 
(N, P) verschieden. 

Denn da sie nach V Komplementärmengen von M sind, so ist 
jede eine ächte Teilmenge von M. 

Die Menge (N, P) hat ausser N und P gemäss Axiom I auch 
jede Teilmenge N’ und P’ zu Teilmengen. Damit sind aber, wie 
wir durch ein weiteres Axiom festsetzen, nicht ihre sämtlichen 
Teilmengen erschöpft. Gemäss Satz (1) und (1a) ist auch N’ zu P’ 
fremd, ebenso N’ zu P und N zu P’; nach Axiom V giebt es 
daher je eine Menge 

(NER undI NV EB 
Für sie setzen wir nun fest: 
VI. /st M = (N,P) so sind auch die Mengen. 
(MM, PN. (NE Pr 
Teilmengen von M; es ist aber auch jede von N,N’ P, P'’ ver- 
schiedene Teilmenge von dieser Form. 
Wir folgern hieraus den Satz: 
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3. It M= (N, P) und ist die Menge Q fremd zu N und fremd 
zu P, so ist sie auch fremd zu M; d.h. 

Aus QFN und QfP folgt Q(N, P). 

Wäre nämlich die Menge Q nicht fremd zu M, so gäbe es für 
sie und M eine identische Teilmenge; d.h. es gäbe eine Teilmenge 
Q’, die gemäss VI eine der Formen 

N, N’, P, P', (N, P') (N', P) (N', P)) 
haben müsste. Diese Teilmenge Q’ hätte also jedenfalls N oder P 
oder eine Teilmenge von N oder P als Teilmenge; d.h. es gäbe eine 
Teilmenge Q" von Q@', die mit N oder / oder einer Teilmenge von 
N oder P identisch wäre. Nun ist aber nach I Q” auch Teilmenge 
von @, und damit ergiebt sich ein Widerspruch gegen die Voraus- 
setzung 

‚Der Satz (3) lässt sich auch in die Form setzen: 

3a. Ist die Menge Q nicht fremd zur Menge (N, P) aber fremd 
zu N, so ist sie nicht fremd zu P. 

Will man den Begriff der Verbindungsmenge auf mehr als zwei 
Mengen ausdehnen, so hat man ein neues Axiom nötig. Es ist jedoch 
für das Folgende nicht erforderlich dies näber auszuführen. 


$ 3. Die Verknüpfung der Mengen. 


Die verschiedenen Beziehungen, die zwischen zwei Mengen M 
und N Platz greifen können, sind aus der folgenden von ÜANTOR 
angegebenen Aufzählung aller Möglichkeiten ersichtlich, die unsern 
Ausgangspunkt abgeben soll: 

a. Es giebt ein M’ N, und ein N'=M. 

b. Es giebt kein M, = N, aber ein N’ M. 

c. Es giebt ein M’— N, aber kein N,“ M. 

d. Es giebt kein M, = N, und kein N, = M'). 

Wir wollen diese vier Beziehungen durch 

MoNSMBEN Men, MAN. : en.) 
darstellen. Man erkennt zunächst unmittelbar: 

1. Die Beziehungen (a) (b) (c) (d) schliessen einander gegenseitig aus. 

3. Die Beziehungen Ma N und Na M, ebenso Md Nund NdM 
sind identisch. Die Beziehung Mb N ist identisch mit N cM. 

Wir erörtern sofort, welche dieser Beziehungen sich auf den Fall 

ausdehnen lassen, dass M und N dieselbe Menge bedeuten. Es findet 


sich 


1) Die Anwendung oberer und unterer Indizes bei den Teilmen genim positiven und 
negativen Fall soll im Allgemeinen zur Erleichterung der Auffassung beibehalten werden. 
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2a. Die Beziehungen Mb M und Mc M sind widerspruchsvoll. Sie 

fordern nämlich das gleichzeitige Bestehen von 
M’- M und kein M,= M. 

Dagegen sind die Beziehungen Ma Mund Md M widerspruchsfrei. 
Uebrigens lässt sich dies auch als unmittelbare Folge von (1) und 
(2) auffassen. 

Sei P eine weitere Menge, so besteht zwischen N und P eben- 
falls eine der Beziehungen 

NaP; NbP. Ne PNA Pe 
und es entsteht die Frage, welcbe Folgerung sich für die Mengen 
M und P einstellt, wenn man eine Beziehung der Reihe A mit 
einer Beziehung der Reihe 3 kombiniert. Diese Aufgabe lässt sich. 
ohne Einführung neuer Axiome nicht erledigen. Ein erstes, das den 
Begriff der Teilmenge mit dem der Aequivalenz verbindet, sei das 
folgende: 

I. Aus den Relationen 

MM, M-N 
lassen sich die Relationen 
s NtM, N-M 
folgern; d.h. Ist M N, so bedingt eine jede Teilmenge M’ von M 
die Eiwistenz einer Teilmenge N’ von N, die zu M’ aequivalent ist. 

Vielleicht mag man erwarten, dass die Menge N’ als diejenige 
wolbestimmte Menge eingeführt wird, die der Menge M’ gemäss 
der zwischen M und N bestehenden Aequivalenz entspricht. Aber dies 
ist für den hier vorgenommenen Aufbau — jedenfalls an dieser 
Stelle — weder möglich. noch nötig. Es genügt, die Existenz einer 
Menge N’ zu fordern; welches diese Menge ist, darf ganz offen 
bleiben. Es hängt dies damit zusammen, dass die Aequivalenz M— N 
in ihrer besondern Eigenart hier nicht in Frage kommt; nur die 
Relationen, die die Eigenart des Aequivalenzbegriffs kennzeichnen, 
und für zwei Mengen und ihre Teilmengen bestehen, werden in 
Betracht gezogen. 


Einen Teil der oben gestellten Frage hat bekanntlich schon CAnTor 
selbst beantwortet; man zeigt leicht 
3. Aus MaN und NaP folet MaP. 
Aus MaN und Nb P folgt Mb P. 
"Aus MaN und NeP folgt Mc P. 
6. AusM5bN und NbP folgt MbP. 
Aus MceN und NeP folgt Mc P'). 


nn 


-[] 


!) Diese Tatsachen entsprechen bekanntlich dem Umstand, dass wenn man den 
Fällen «a, b, c die Beziehungen „gleich”, „kleiner”’, gröszer” zuweist, die für 
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Die Beweise sind natürlich ausschliesslich auf die in a,d,c, dent- 
haltenen Beziehungen zu stützen. Ein Beispiel möge zeigen, wie sie 
sich führen lassen. Um aus den Relationen 

MbN und NbP weiter Mb P 

zu folgern, haben wir von 

kein M-N,en N’-M 

ReTeN ren = N 
auszugehen, und daraus die Beziehungen 

kein M;-P,en P=-M 
abzuleiten. Wir beweisen zunächst den zweiten Teil. Wegen P’ N 
giebt es nach / eine Teilmenge ?" — N’, und aus N’ —M folgt 
nun P" M. Die Richtigkeit der ersten Behauptung erweisen wir 
indireet. Wäre nämlich ein M — P, so folgte gemäss / aus N’ M 
wiederum die Existenz einer Menge N" von N’, für die N" M’ 
sein müsste, und aus 

DEN Mm weiiete NP, 
während kein N, — P sein kann. 
Es bleibt noch übrig, das gleichzeitige Bestehen der Beziehungen 
M15N und NceP 

zu untersuchen, sowie die Kombination von M d N mit einer der 
Beziehungen 

NaP, NbP,NeP, NdP. 

Hier gilt zunächst, dass aus Mb N und NcP eine bestimmte 
Beziehung zwischen M und / nicht folgt; d.h. 

8. Mit Mb N und NeP ist jede der vier Beziehungen MaP, 
MbP, Mc P, MdP verträglich. 

Der Beweiss darf unterbleiben. Nur sei bemerkt dass dies dem 
realen Tatbestand entspricht, dessen axiomatische Grundlegung hier 
in Frage steht '}). 

Wir gehen nun zu dem Rest unseres Problems über und prüfen 
zunächst die Kombination von 

TEN UNO NP re ern ne ar Fi) 

Die Frage lautet auch hier, ob die Beziehungen («) eine bestimmte 
Beziehung zwischen M und P bedingen und eventuell welche. Hier 
liegt der in der Einleitung genannte Fall vor, dass es sich um lauter 
negative Prämissen handelt. Diese Prämissen sind 


diese Beziehungen geltenden assoziativen Gesetze erfüllt sind (z. B. aus a = b 
und d=c folgt a=c usw.) ! 

1) Für Mächtigkeiten würden die Relationen m<n und n>p bestehen; sie 
‚bedingen keine Grössenbeziehung zwischen m und p. 
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kein M,- N, kein N, = M, (a) 

kein. N, - Pi kein WB 7a 
Aus ihnen lässt sich auf direetem Wege über die Beziehung von 
M zu P nichts schliessen. Teilweise gelingt es allerdings auf indirec- 
"tem Wege; in einzelnen Fällen kommt nämlich dadurch zu den obigen 
Prämissen eine neue Tatsache hinzu, die positiver Natur ist. Um die 
Untersuchung durchzuführen, hat man nämlich zu prüfen, ob die 

Annahme einer der Beziehungen 

MaP, Mb P Me P, MdB 2. 2 


auf Grund der bisherigen axiomatischen Festsetzungen einen Wider- 
spruch mit dem gleichzeitigen Bestehen der Beziehungen & bedingt, 
und zwar kommen naturgemäss hier nur die Axiome von $ 1, das 
obige Axiom $ 3, / und der obige Satz 2 in Frage. Diese Prüfung 
haben wir ausführlich vorzunehmen '). 

Zunächst sieht man leicht, dass die Beziehungen 


Mb P und ebenso McP 


als Folgen von (a) auszuschliessen sind. Wegen Satz (2) kann man 
nämlich die Beziehungen (ce) auch in die Form 


PdN und NdaM 
setzen, und müsste daher als Folgerung von («) auch 
PbM oder PcM 


erhalten. Aber Mb P und Pb M, und ebenso Mc Pund PeM sind 
nach Satz (2) nicht identisch, womit die Behauptung erwiesen ist’). 


I) In den Math. Ann. Bd. 72, S. 551 (1912) ist diese Untersuchung schon teil- 
weise durchgeführt worden, 

2) Die logische Eigenart des oben behandelten Problems entspricht also nicht 
ganz dem in der Einleitung genannten Tatbestand. Es lautet nämlich genauer so: 
Welche von vier möglichen Beziehungen wird durch die dem Problem eigen- 
tümlichen nur negativen Prämissen ausgeschlossen? Bei der Annahme, MbN 
oder McN seien die Folgen dieser negativen Prämissen, wird von selbst eine 
neue Tatsache eingeführt; die Symmetrie der Beziehungen MdN und NdaP 
bezüglich Mund P steht nämlich im Gegensatz zu der Unsymmetrie der Folgerungen 
MbP oder McP für MundP. Und daher ergab sich oben ein Resultat. 
Die Annahme, MaP oder MdP seien die Folgen der negativen Prämissen, 
liefert dagegen eine solche neue Tatsache nicht; es ergiebt sich daher, wie das 
obige weiter zeigt, ein Resultat nicht. 

Allgemeiner gesprochen: Wenn die Prämissen: Y ist nicht Bund 3 ist nicht € 
sich auch in die Form setzen lassen € ist nicht 9 und 9 ist nicht 2}, so kann 
damit nur eine solche Beziehung zwischen A und € vereinbar sein, die zugleich 
die nämliche Beziehung zwischen CE und X bedeutel. Eine genauere Analyse des 
hiermit mehrfach besprochenen logischen Problems von Seiten der Logiker wäre 
sehr erwünscht. Das letzte Wort soll mit dem vorstehenden nicht gesprochen sein. 
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Es ist weiter zu untersuchen, ob sich die Beziehung 
an 15,2 ; 2) 
als Folge von («) einstellen kann. Hier ist ein Resultat, we dies 
unmöglich Bag nicht erhältlich. Die Beziehung Ma P bedeutet 

nämlich 
BMI De et) 
Die Verbindung mit (a) liefert gemäss $ 1 die weiteren Relationen 
Kan ae  keinıV.. All; 

Genauer bedeutet dies: Es giebt eine Teilmenge P’, der keine 
Teilmenge von N aequivalent ist, und es giebt auch eine Teilmenge 
M’, der keine Teilmenge von N aequivalent ist. Dies stellt aber 
einen Widerspruch zu («') oder zu (y') nicht dar. 

Es soll noch eine zweite Prüfung vorgenommen werden ; wir haben 
auch den assoziativen Character der Beziehungsregeln in Betracht 
zu ziehen. Ist Ma P das Resultat von («), so heisst dies, dass das 
gleichzeitige Bestehen von 

MdN, NdaP, MaP 
nicht widerspruchsvoll sein darf. Nun sollen aber zwei von diesen 
Beziehungen stets eine dritte bedingen, und daraus folgt, dass 


aus MaP und PdN wieder MdN 
und aus NdM und MaP wieder NdP 


folgen ‘muss. Es ist nun die Frage, ob diese Regeln einen wider- 
spruchslosen Character haben. Dies ist in der Tat der Fall. Man 
sieht es am einfachsten daraus, dass man die assoziativen Gesetze, 
die die Beziehungen (a) und (d) mit einander verbinden, wenn man 
noch Satz (3) beachtet, in die einfache Form 
ka, (da)—a, lad) =(da).d 
setzen kann; sie sind das genaue Analogen zu den Vorzeichenregeln 
(HH=-AA=+: H-)=ÄH)-=-: 
deren assoziativer Gesamtcharacter feststeht. 
Wir haben endlich noch die Beziehung 


MEERE, ET £. (6) 
als mögliche Folge der "Beziehungen («) zu erörtern. Sie bedeutet 
Beneun eakanı E-uME, ZEN. . () 


Hier zeigt sich zunächst, dass sich aus ihr und den Relationen («') 
weitere direete Folgerungen überhaupt nicht entnehmen lassen, da 
sie jetzt samt und sonders negativer Natur sind. Wir prüfen auch 
hier noch den assoziativen Gesamtcharacter. Ist M d P das Resultat 
von MdN und NdP, so bedingt es jetzt, dass 
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aus MdP und PdN wieder MdN 
und aus MdM und MdP wieder MdP 
folgt; hier aber ist der widerspruchsfreie Character evident. Also folgt: 

9. Mit den Beziehungen MdN und NdP kann sowol die Beziehung 
MaP, wie MdP zugleich bestehen. 

Keine der beiden Annahmen y und d führt also auf einen Wider- 
spruch mit den in («') enthaltenen Prämissen ; wir können daher 
auf diesem Wege nicht zu einem Resultat über die vorliegende 
Frage gelangen. Man muss daher in der Tat die Folgerung, die sich 
aus MdN und NdP ergiebt, awiomatısch einführen ; naturgemäss so, 
wie es durch den realen Tatbestand der Mengenlehre gefordert wird. 
Ihn aufzubauen ist ja einer der Zwecke dieser Darstellung. Wir setzen 
daher fest (Auvom der Verknüpfung) 

I. Aus MdN und NdP foigt MdP. 

Hieraus erhalten wir nun leicht die Antwort auf die noch aus- 
stehenden Verknüpfungen für die Beziehungen (A) und (2). Zunächst 
beweist man 

10. Aus MbBN und NdP folgt MbP. 

10a. Aus McN und NdP folgt McP. 


Für den Beweis von (10) haben wir auszugehen von 
kein M- N,ein N’-M, 
kein N, -P,ken PP -N, 
und daraus die Beziehung Mb P, also 
kein MP, ein P=-M 
abzuleiten. Wir folgern zunächst, dass eine Beziehung 
M" a P 
unmöglich ist. Aus N’ — M würde nämlich auf Grund dieser Annahme 
die Existenz einer Teilmenge N" folgen, für die 
N"=- M"-P 
wäre, im Widerspruch zu kein N, - P. Damit ist die Beziehung 
kein M, — P erwiesen. Es ist jetzt noch zu zeigen, dass es ein 


P’M giebt. Wäre dies nicht der Fall, so bestände auf Grund 
des vorstehenden jetzt die Beziehung 


kein MP, kein PM, 
also die Relation MdP, und zusammen mit der vorausgesetzten 
Beziehung Pd N folgte gemäss Axiom II die Beziehung Md N, im 
Widerspruch zu Mb N. Damit ist der Beweis wieder geliefert. 


Ebenso wird der Beweis für Mc N und N dP geführt, was einer 
ausführlichen Darstellung nicht bedarf. 


795 


Wir haben schliesslich noch die Kombination von 
MaN nnd NaPp 


zu erörtern. Wir folgern zunächst, dass diese beiden Relationen an 
sich nur die Folge 


MadP 
gestatten. Wir haben auszugehen von 


MN AN tund 
kan or ken N, 
und zeigen zunächst, dass hiermit nur 
kein M, =» P, ken /,=M,; 
verträglich sind. Gäbe es nämlich eine Menge M"— P, so folgerte 
man wie oben eine Relation 
Ne MIT. 
im Widerspruch mit der Voraussetzung: kein N, — P; ebenso folgt 
die Unmöglichkeit einer Beziehung ?" — M. Es kann also an sich 
nur die Relation 
M.d-P 

bestehen. Wiederum ist noch der assoziative Character des Resultats 
zu prüfen. Diese Prüfung führt hier auf einen Widerspruch. Aus 
MdP und NdP würde nämlich gemäss dem Axiom II MdN 
folgen, im Widerspruch mit der Annahme Ma _N. Das gleichzeitige 
Bestehen von MaN und N «d P führt also auf einen Widerspruch; d.h. 

11. Die Beziehungen Ma N und N d P können nicht zugleich bestehen. 

Dagegen sei ausdrücklich festgestellt, dass die Sätze (10) und (10«) 
einen solchen Widerspruch nicht herbeiführen. Denn gemäss (2) ist 

Mb P mit Pe M identisch, und die beiden Beziehungen 
| PcM und MBN 


sind, wie wir oben unter (8) erwähnten, mit jeder der vier an sich 
möglichen Beziehungen zwischen N und 7° verträglich. 

Damit ist unsere Untersuchung abgeschlossen; sie zeigt zugleich 
die Widerspruchslosigkeit des Axioms 11. Wir ziehen aus ihm zunächst 
noch eine Folgerung; nämlich die, dass der Satz (11) auch in der 
Weise gilt, dass er das gleichzeitige Bestehen von 

MaM und MdN, sowie von MaN und NdaN 


ausschliesst. Aus MaM folgt M’ M und hieraus gemäss $ 3, 1 


M'"-M'-M, 
und daher besteht auch die Relation 
M'aM; 


diese kann aber nach Satz (11) nicht mit Md_N zugleich bestehen. 
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Weiter folgt aus Ma _N zunächst 
DIS. NUN A) 

also auch N" M'— N, während dagegen N d N besagt, dass 
ken N,” N ist. Also 

1la. Die Beziehungen MaM und MdN, ebenso Ma N und 
NdN schliessen einander aus. 

Es ergiebt sich damit das folgende Schlussresultat. Mit den Be- 
ziehungen 

MdN und NdP 

erscheint sowol die Folgerung Ma P, wie auch die Folgerung Md_P 
verträglich. Wird die Relation MdP axiomatisch als Folgerung 
eingeführt, so bedingt dies, dass die Beziehungen MaN und NdP 
nicht zugleich bestehen können; würde man dagegen die Beziehung 
MaP axiomatisch als Folgerung einführen, so ergiebt sich ein 
derartiges Resultat nicht. Trotzdem erfordert der Aufbau der Mengen- 
lehre die Einführung der Folgerung MdP. Auf die Deutungs- 
möglichkeit der axiomatischen Annahme Ma P komme ich in $ 7 
zurück. 

Für die Beziehungen (a), (d), c, d gelten noch die folgenden beson- 
deren Sätze: 

12. Aus den Relationen 

MaN, MbBN, Mc N, MdN 
und 
M-W,N-N% 

folgt auch 
j MaN, MEN, MeN,MdN 
und 

MaNR. MIN, Mech, MaN 
Für den Beweis mag ein Beispiel genügen. Werde von 


MbN und M-M 
ausgegangen, so heisst dies | 
N’— M, jedes M, nicht — N. 
Wir erhalten daher, falls MM, ist, gemäss $ 1 sofort 
N’ -M, jedes M, nicht = N, 
womit die Behauptung erwiesen ist. 
13. Aus M’t M folgt M’a M oder M’bM; d.h. Für en Teil- 
menge M’ gilt entweder M’a M oder M’bM. 
Es giebt nämlich eine Teilmenge von M, die aequivalent M’ ist, 
nämlich M’ selbst, und daher ist die Beziehung (c) und (d) ausge- 
schlossen. 
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14. Aus M’tM und MBN folst M’bN; 
d.h. Besteht die Beziehung Mb N, so besteht für jede Teilmenge 
M’ von M die Beziehung M’b.N. 
Man hat nämlich gemäss (13) und nach Voraussetzung. 
M’aM oder M’bM und MPN, 
und damit gemäss Satz (4) und (6) die Behauptung. 
15. Aus M’tM, M’’tM’, M'’'bM’ tolgt M’'’bM; 
d.h. Sind M' und M" Teilmengen von M, für die die Beziehung 
M"b_M' gilt, so ist auch M"b M*). 
Man hat nämlich wieder zugleich (nach 13) 
M’bM’ und M’aM oder M'bM 
und folgert daraus wie eben M"bM. 


$ 4. Endliche und unendliche Mengen. 


Nach $ 3, Satz (1) und (2) sind MaM und MdM die beiden 
einzigen der Beziehungen (a), (b), (c), (d), die eine Menge zu sich 
selbst haben kann; wir definiren nun: 1. Eine Menge heisst un- 
endlich, wenn die Beziehung M aM besteht; sie heisst endlich, wenn 
MdM gilt. Man hat also im ersten oder zweiten Fall 

ein M’—M; kein M, - M, 
und damit die Dedekindsche Begriffsbestimmung. 

Wir folgern zunächst: 

2. Aus MaM oder MdM und M- folge MaM und MAM. 
Dies ist eine unmittelbare Folge von $ 3, (12). 

Für endliche und unendliche Mengen bestehen gewisse Sonder- 
 sätze; diese sollen jetzt abgeleitet werden. Das Haupttheorem lautet: 

3. Für unendliche Mengen können nur die Beziehungen (a), (b), (c) 
bestehen; für endliche Mengen nur (b), (ce), (d). 

Der Beweis ergiebt sich unmittelbar aus den in $ 3 abgeleiteten 

Resultaten. 
| Sind nämlich M und N unendliche Mengen, und würde die Be- 
ziehung Md N bestehen, so hätte man 

MaM und MdN, 
und dies verstösst gegen den Satz (11a) von $ 3. 
Ebenso, wenn M und N endliche Mengen sind, so hätte man. 
falls sie die Beziehung Ma _N gestatten, 
NaM und MdM, 
und auch dies verstösst gegen Satz (11a) von $ 3. 
Damit ist der Satz (3) bewiesen. Er giebt zugleich den inneren. 


) Dieser Satz berührt sich inhaltlich mit dem Satz 25 in Zermelos Grund- 
lagen (Math. Ann. 65, S. 271). 
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Grund für die im Satz (11) von $ 3 enthaltene Unvereinbarkeit von 
Ma N und NdP. Denn unserm Satz (3) gemäss besagt M a N, dass 
M und N unendliche Mengen sind, und N d P, dass N und P’endliche 
Mengen sind. Beides schliesst sich aber aus. 

4. Für jede Teilmenge einer endlichen Menge besteht die Beziehung 
M’b M; d.h. 

Aus MdM und M’tM folgt M’bM. | 

Gemäss Satz (13) ‚von $ 3 gilt nämlich für jede Menge M und 
eine Teilmenge M’ von ihr 

M’aM oder M’bM. 

Hierzu kommt, da M eine endliche Menge ist, M d M. Diese Be- 
ziehung kann aber nach Satz (11) von $3 mit M’ a M nicht zugleich 
bestehen ; also muss es M’b _M sein. 

Die weiteren noch abzuleitenden Sätze machen die Einführung 
eines neuen Axioms nötig, und zwar eines Awsoms über die Aequi- 
valenz von Verbindungsmengen. Es lautet: 

I. Aus ,M—(N,P, NR PINRFD po 
d.h. werden in der Verbindungsmenge (N, P) die Mengen N und P 
durch die zu ihnen aequivalenten zu einander fremden Mengen R und 
.P ersetzt, so ist die neue Menge der ursprünglichen aequivalent. 

Das Axiom gilt gemäss $ 1, III auch für den Fall, dass nur eine 
Menge durch eine aequivalente ersetzt wird, d.h. 

5. Au M=(N,P.-N-N, RL folsti(N, PS, 2 

Wir beweisen nun der Reihe nach folgende Sätze: 

6. Jede Teilmenge einer endlichen Menge ist selbst eine endliche 
Menge; d.h. 

Aus MdM, M’tM folgt M’dM'. 

Wäre nämlich M’ eine unendliche Menge, so müsste eine Beziehung 

MY — M! 
bestehen. Setzt man nun 
M—=(M',M,), 
so ist gemäss $ 2, VI auch 

| M"—=(M”, M,) 

eine Teilmenge von M, und aus Satz (5) folgte 
NT; 
was einen Widerspruch gegen MdM darstellt. 

7. Ist M eine endliche, N eine unendliche Menge, so kann nur 
die Beziehung MbN bestehen °);d.h. Aus MdM und NaN folgt MBN. 

') Es liegt nahe, Satz 5) als Axiom hinzustellen, und das Axiom als Folge. 


Der Beweis hätte aber die sachlich überflüssige Annahme X f P nötig 


?) Auf diesen Salz wurde ich vor längerer Zeit von Herın H. Hau auf. 
merksam gemacht. 


799 


Der Beweis wird so geführt, dass die Unvereinbarkeit der Voraus- 
setzungen mit MaN, McN, MdN gezeigt wird. 

Würde zunächst die Beziehung MaN bestehen, so hätte man M'=N; 
und demgemäss erhielte man aus der Annahme MaN nach 3 
Satz 12 weiter auch- 


MaM'’ resp. M’aM, 


was aber, da M endliche Menge ist, gegen Satz (4) verstösst, 
Wäre zweitens McN in Kraft, so folgte daraus M'— N, undnun 
hieraus und aus NaN weiter 
M'aM', 
was wiederum einen Widerspruch zum Satz (6) darstellt. 
Endlich ist auch die Beziehung MdN unmöglich. Dennaus NaN 
folgt zunächst 
NEN; 
hieraus und aus NaN und der angenommenen Relation MdN folgte 
dann weiter 


NaN’ und MdN’ resp. N’dM. 


Die Beziehungen NaN’ und N’dM sind aber gemäss $ 3 Satz (11) 
nicht zugleich möglich. Also gilt in der Tat die Beziehung MdN. 

8. Ist M eine unendliche Menge, so ist auch die Verbindungs- 
menge (M, N) eine unendliche Menge. 

Der Beweis ist eine unmittelbare Folge des Axioms I. Denn 


aus M’— M folgt (M, N) - (M’, N) 
und damit ist der Satz, da (M’, N) Teilmenge von (M, N) ist, bewiesen. 
9. Eine Menge ist unendlich, wenn sie eine unendliche Teilmenge hat. 
Ist nämlich M’ diese Teilmenge, so ist 
M—(M', M,) 
und daher gemäss Satz (8) auch M eine unendliche Menge. 
Man kann diesen Satz auch noch so formulieren: 
9’. Eine Menge ist endlich, wenn jede ihrer Teilmengen endlich ist. 
10. Ist M eine endliche Menge, so ist stets Mb (M, N); d.h. Aus 
MdM folgt Mb (M, N). 
Es ist nämlich M Teilmenge von (M, N). Ist nun (M, N) endlich, 
so folgt der Satz aus (6), ist aber (M, N) unendlich, so folgt er aus (7). 
Zur Ableitung weiterer Sätze bedürfen wir neuer Axiome. Das 
Axiom I besagt, dass die Verbindungsmengen aequivalenter Mengen 
selbst aequivalent sind; wir haben jetzt noch zwei Axiome nötig, 
die die Nichtaequivalenz der Verbindungsmengen nicht aequivalenter 


Mengen betreffen. 
53 
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IT. Sind M und N fremde Mengen, ist M, Teilmenge von M und N, 
Teilmenge von N, und ist M, nicht“ M, N, nicht = N, so folgt 
daraus die Beziehung (M,, N,) nicht (M, N); d. h. 

Aus MfN, M,iM, N,tN, M, meh — M, N, nicht N 
folgt (M,, N,) nicht = (M, N). 

Dieses Axiom soll für alle Mengen gelten. Für endliche Mengen 
reicht es aber noch nicht aus, und werde durch das folgende 
ersetzt und ergänzt: 

III. Sind M und N fremde und zugleich endliche Mengen, und ist 
M, Teilmenge von M, so soll stets (M,, Njnicht — (M, N) sein; d.h. 

Aus M/fN, MdM, NdN, M,tM folgt (M,,N) nicht = (M,N). 

Für unendliebe Mengen braucht dieses Axiom bekanntlich nicht 
erfüllt zu sein. 

Auch die Voraussetzungen dieser Axiome besitzen durchaus den 
in der Einleitung genannten logischen Sondercharacter; sie sind 
sämtlich negativer Natur, soweit es sich um die hier allein in Frage 
stehenden Aequivalenzbeziehungen handelt. Man könnte freilich 
annehmen, dass in diesem Fall ein indirectes Beweisverfahren zum 
Ziele führen werde; die Annahme 

(M,,N,) = (M, N) resp. (M , N) (M,N) 
ist ja von positivem Character. Aber diese Vermutung trügt. Die 
Aequivalenz von Verbindungsmengen ist nämlich keineswegs nur so 
möglich, dass M, = M und N, — N, ist sondern auch auf andere 
Weise; und daher kann aus der angenommenen Aequivalenzbeziehung 
ein Widerspruch mit den Voraussetzungen 
M, nicht = M, N, nicht = N 

nicht abgeleitet worden. 

Die negative Fassung unserer Axiome stellt uns zunächst vor die 
Aufgabe, die bestimmte Beziehung (a), (b), (c), (d) aufzufinden, die 
zwischen (M, N) und den Mengen (M,,N,) und (M,, N) besteht. Für 
das Axiom Il kann es erst im nächsten Paragraphen geschehen ; 
für das Axiom Ill soll es hier folgen. 

Da (M,, N) Teilmenge von (M, N) ist, so kann nach Satz 13 von 
$ 3 nur die Beziehung (a) oder (b) realisirt sein. Aber der Fall (a) d.h. 

(M,,N)a(M, N) 
ist unmöglich. Jede Teilmenge von (M,, N) hat nämlich nach $ 2, 
VI eine der Formen 
M,M, N,N, (M,N), (M,N,) (M,N)), 
wo M, eine Teilmenge von M, ist. Keine von ihnen kann aber zu 
(M, N) aequivalent sein. Da nämlich M und N endliche Mengen 
sind, so hat man für sie gemäss (10) die Relationen 
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Mb(M, N) und Nb(M, N). 


Gemäss Satz (4) hat man weiter 
M,bM, M,bM, NbN 
und damit folgt die Behauptung nach Satz (6) von $ 3 bereits für 
M,, M, N, N,. Für die drei Verbindungsmengen folgt sie aus den 
hol selbst; es ist ja, da M und N endliche Mengen sind, 
M, nicht = M, M, nicht = M, N, nicht = N 

und damit ist in der Tat die behauptete Nichtaequivalenz eine Folge 
von (II) und (111). Also 

11. Für endliche (und fremde) Mengen Mund N gilt die Beziehung 

(M,,N)b(M, N). 

425 Die Verbindungsmenge zweier endlichen Mengen ist selbst 
endlich; d.h. 

Aus MdM und NdN folst (M, N) d(M, N). 

Wir haben nachzuweisen, dass die Beziehung 

(M, N)a(M, N) 
ausgeschlossen ist. Nun hat jede Teilmenge von (M, N) wieder eine 
der Formen 
M,M,, UNI DS) AM,.N,) 

und wir beweisen, wie eben (vgl. auch $ 5, 2), dass keine 
dieser Mengen zu (M, N) aequivalent ist. Damit ist der Satz bewiesen. 


$ 5. Das Aeguwiwvalenzproblem. 


Die wichtigste Aufgabe, die zu behandeln ist, batrifft den Nach- 
weis, dass die Mengen M und N aequivalent sind, talls für sie die 
Beziehung 


MaN oder MdN 
besteht; also der Satz (Aequivalenzsatz) 

1. Aus MaN oder MdN folyt M- N. 

Ehe der Beweis geführt wird, sollen die Aequivalenz-Relationen 
vorangestellt werden, die sich aus den vorstehenden Paragraphen 
unmittelbar ergeben: 

2. Aus MbN und MeN folgt M nicht = N. 


Wäre nämlich M”- N, so hätte man auch ($ 3, 12) 
NbN oder NcN, 


was aber gemäss $ 3, 3 widerspruchsvoll ist. Hieraus folgt unmittel- 
bar weiter 
3. Mit M-N ist nur MaN oder MdN verträglich. 


Die Umkehrung dieses Satzes 3 ist es, die den eigentlichen Aequi- 
53% 
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valenzsatz (1) bildet. Ist er bewiesen, so folgt endlich noch, als 
Umkehrung von (2) 

4. Aus M nicht N folgt MbN oder MeN. 

Man kann diese vier Sätze auch folgendermassen zusammenfassen: 
Die Beziehungen (a) und (d) sind hinreichende und notwendige Be- 
dingungen für die Aequivalenz, (b) und (c) ebenso für die Nicht- 
aequivalenz. 

Als Folge von (4) ergiebt sich, was in $ 3 und.4 noch offen 
bleiben musste, 

5. Aus M,tM und M, nicht” M folgt M,b M. d.h. Besteht 
für die Teilmenge M, von M die Beziehung M, nicht” M, so gilt 
M, 6b M. 

Denn nach (4) gilt Mb M oder M,c M; nach Satz (13) von $ 3 
nur M,aM oder M,bM, also gilt MB M. 

Eine Anwendung hiervon giebt auch Antwort auf die bezüglich 
des Axioms II in $ 4 gestellte Frage. Es folgt jetzt 

6. Sind M, und N, Teilmengen von M und N, undist M, nicht 
 M,N, nicht = N, so folgt daraus stets (M,, N,)b(M, N). 

Wir gehen nun zum Satz (1) über und beweisen zunächst den 
ersten Teil, also den eigentlichen Bernsteinschen Aequivalenzsatz. 
Sein Beweis folgt aus dem Axiom II von $ 4 über die Nichtaequi- 
valenz der Verbindungsmengen. 

Aus der Voraussetzung Ma _N folgt zunächst 


ein M = N,ein N’ -M. 
Wäre nun M nicht = N, so hätte man nach $ 1, 3 
M nicht = M', N’ nicht - N. 


Mit M und .N sind aber auch M’ und:N’ fremde Mengen ($ 2,1); 
sie bestimmen daher eine Menge (M’, N’), und für sie müsste gemäss 
Axiom II nunmehr 

(M’, N’) nicht = (M, N) 
folgen. Andererseits folgt aber aus den beiden ersten Relationen 

unmittelbar nach $ 4, I 
| (M', N‘) (M.N) 
und damit ergiebt sich ein Widerspruch. Damit ist der Beweis 
bereits geliefert 

Freilich beruht der Beweis auf einer gewissen Voraussetzung, die 
noch zu erörtern ist. Wir operieren mit der Verbindungsmenge von 
M und N und haben deshalb die Voraussetzung nötig, dass M und 
N fremde Mengen sind. Sind sie es nicht, so wird man am ein- 
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fachsten so vorgehen, dass man folgendes neue Axiom zu Grunde 
legt: ') 

I. Sind M und N keine fremden Mengen, so giebl es stets zwei 
ihnen aequivalente, zu einander Fremde Mengen M und‘ ; so dass also 
MM und N, und MIN. 

Gemäss $ 3, 12 besteht auch für sie die Beziehung 

Man, 
und auf sie lässt sich daher der obige Beweis übertragen. Aus I — N 
folgt dann auch MN. 

Es handelt sich nun noch um den gleichen Nachweis für die 
Beziehung Md N. Ehe ich dazu übergehe, erinnere ich daran, dass 
die Eigenart der Beziehung Md N in der Cantorschen Theorie offen 
geblieben war; für das durch sie bedingte Verhältnis von M zu N 
hatte sich ein Resultat nicht ableiten lassen. Das darf nicht Wunder 
nehmen; das hierin enthaltene Problem stellt nämlich wieder ein 
logisch unlösbares Problem, und damit eine illusorische Aufgabe dar. 
Wir haben ja als Prämissen zunächst nur die Aussagen 

kein M, “N, kein N, M. 

Dazu kommen, da M und N endliche Mengen sind, 

kein'M, = M, kein N, N, 
also lauter Aussagen von negativem Character. Selbst der Weg des 
indirecten Beweises ändert daran in diesem Fall nichts; denn man 
müsste noch die Annahme 

M nicht — N 
hinzufügen. Nun wäre es ja möglich, dass die für den Beweis einzig 
in Frage kommenden Axiome II und III der Nichtaequivalenz von 
$ 4 die Prämissen positiv beeinflussen könnten; aber auch das ist 
nicht der Fall. Denn diese Axiome lauten ja in ihrem Schlussteil 
übereinstimmend 
(M,,N,) nicht = (M, N). 

Wir müssen also von Prämissen ausgehen, die samt und sonders 
negativ sind, und kommen zu dem Schluss, dass sich die Aequivalenz 
M = N im Fall endlicher Mengen ohne eine nochmalige neue 
axiomatische Festsetzung nicht folgern lässt. Das so gewonnene 
Resultat lässt sich auch in seiner allgemeinen Bedeutung leicht ver- 
stehen. Es läuft dem Tatbestand parallel, der uns aus der allge- 
meinen Theorie der endlichen Zahlgrössen geläufig ist. Dort muss die 
Festsetzung, wann zwei Grössen als gleich gelten sollen, erst frei — 


1) Es entspricht dem von ZERMELO in seinen Grundlagen (Math. Ann. 65) 
enthaltenen Theorem 19. 


804 


“natürlich zweckgemäss — geformt werden, ehe man die Frage, ob 
zwei gegebene Grössen als gleich zu gelten haben, in Betracht ziehen 
kann. Man denke z. B. an die Weierstrassische Theorie der Irratio- 
nalzahlen;; sie setzt bekanntlich die Gleichheit zweier Zahlen a und 
b so fest, dass jeder Bestandteil von a kleiner ist als 5 und jeder 
Bestandteil von 5 kleiner als a. Eine solche axiomatische Festsetzung 
erweist sich also auch im Gebiet der endlichen Mengen, wenn man 
sie, wie hier, ausschliesslich auf die Mengenbeziehungen, d.h. auf 
die Nichtaequivalenz von Menge und Teilmenge gründet, als eine 
Notwendigkeit. 

Es fragt sich nur, welche Festsetzung man zweckmässig zu Grunde 
legt. Beachtet man, dass es sich im Grunde um eine Axiomatik der 
Grössenlehre handelt, so liegt offenbar nichts näher, als die eben 
genannte Definition zu benutzen, und dies soll in der Tat geschehen. 
Wir setzen also fest (Awiom der Aquivalenz endlicher Mengen) 

U. Zwei endliche Mengen M und N sind aequivalent, wenn für 
‚jede Teilmenge M’ und N’ die Beziehung M’ b N resp. N’ b_M besteht; d.h. 
Aus MdM, NadN, M’bN, N’DM fur jedes M’, N’ folgt MN. 

Hieraus lässt sich der Satz, dass aus MdN auch MN folgt, 
unmittelbar folgern. Ehe wir dazu übergehen, wollen wir noch die 
Berechtigung unseres Axioms und seine Stellung im gesamten Aufbau 
näher erörtern. Wir wollen zunächst nachweisen, dass von den vier 
Beziehungen 

MaN, MbBN, MN, MdN 
nur die letzte mit dem Axiom verträglich. ist. 
Aus MaN folgt 
en MN; 
gemäss unserm Axiom ist aber für jedes M’ 
M'bN 

n man erhielte also N5 N, was aber nach $ 3,3 widerspruchs- 
voll ist. 


Aus MbN folgt 
| ein zy 2 ck 
was analog zur Relation M b M führt, die ebenfalls widerspruchsvoll ist. 


Endlich folgt aus Mc _N genau wie eben die widerspruchsvolle 
Relation NbN. 


Unser Axiom kann also in der Tat nur mit der Beziehung Md N 
verträglich sein. Dies ist aber auch wirklich der Fall. Die Folge- 
rungen, die sich aus 


M’bN und MdN, au NbM und MdN 
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ergeben, lauten gemäss’ $ 3, 9, dass für jedes M’ und N’ 
M'bM und N’bN | 
ist; sie entsprechen der Endlichkeit von M und N und stellen die 
in$ 44 gefundene "Eigenschaft der endlichen Mengen dar. 
Zusammenfassend folgt also: Das Axiom II ist nur für endliche 
Mengen realisiert, und überdies weder im Fall Mb N, noch Me N; 
damit ist aber der Beweis seiner Berechtigung geliefert. Es ist Für 
die endlichen Mengen und ihre Aequivalenz characteristisch. 
Der Beweis des Aequivalenzsatzes ergiebt sich nun folgendermassen. 
Gemäss $ 4, Satz 4 ist für jedes M’ und N’ 
M'’bM und N’BN,; 
ferner gilt nach Voraussetzung 
MdN und NdM, 
und hieraus folgt nach $ 3, 9 sofort 
M'’bN und N’BM 
und nunmehr nach unserm Axiom 
BIN: 


$ 6. Sätze über Verbindungsmengen. 


Seien M und N einerseits, und M und R andrerseits fremde Mengen. 
Zwischen M und M, sowie zwischen N und ®W besteht je eine der 
Beziehungen 

MaM, MbM, MeM, MdM und 
Na, N OREN CI: N AR, 
Es ist die Frage, welche Beziehung für 
(M, N) und (MR) 
resultiert, wenn wir- irgend eine Beziehung der ersten Zeile mit 
einer Beziehung der zweiten Zeile kombinieren. 
Wir beweisen zunächst folgende Sätze 
1. Aus MaM und Na folgt (M, N) aM, R). 
Aus MbM und N5N folgt (M, N)b WW). 
Aus MeM und Ne? folgt (M, N) ce N). 
Aus MAM und NÄAN folgt (M, N) AM, W. 

. Aus MaM und NANR folgt (M, N) aM, ). 

Die Beweise von Satz (1), (4), (5) lassen sich folgendermassen 
zusammenfassen. Die Voraussetzungen lauten gemeinsam 

MM und NN, 


woraus gemäss Axiom I von $4 


(M, N) MR 


m com 
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folgt. Im Fall (1) und (5) sind nun M und M nach $4, Satz 3 
unendliche Mengen, also gilt dies nach $4;8 auch von (M, N) und 
(MN) und daher ergiebt sich wieder 
(M, N)a(M, N). N 
Im Fall (4) sind dagegen M, N, Mm, endliche Mengen, also auch 
(4,12) (M, N) und (MR) und daher ist 
| (M, N) AM, N) 
Wir beweisen nun den Satz (2)'). Dazu gehen wir von den 
Relationen 
MbM und NbNR 
aus, also von den Beziehungen 
kein M. PM WM, 
kein N NR WN, 
und erhalten zunächst 
(MW) T(M,N) 
Wir folgern nun aus den gegebenen Relationen Mb DM und 
NN mittels MM und N N’ weiter 
MM und WON 
oder aber ($ 5,2) 
M nicht MM, W nicht N 
und daraus endlich, gemäss Satz (6) von $ 5 
(W,N)HM,N) oder 
(M, N)bE(M,®). 
In derselben Weise beweist man den Satz 3. Ein letzter Satz, der 
sich ableiten lässt, lautet: 


6. Ist M eine endliche Menge, so folgt 
aus MbM und NAN (M,N)EM, N). 


!) Geht man zu Mächtigkeiten über, so bezieht sich der obige Satz auf den 
Fall, dass 


MD, Under, 


ist; er schliest daraus 
m -n,<m, +n,. 


In der allgemeinen Theorie fehlt noch heute ein Nachweis dieser Folgerung. 
Sie ist von F. BErnsTEIN unter der Annahme bewiesen worden, dass m, mit ın 
„vergleichbar” ist. (Math. Ann. 61 (1905) S. 129). Nun scheidet zwar in dem 
vorliegenden Aufbau die Vergleichbarkeit als offene Frage gemäss Satz 1 von $4 
aus, der Bernsteinsche Beweis stützt sich aber ausserdem auf den Aequiva- 
lenzsatz. Der obige Beweis stützt sich dagegen auf das Axiom II von S 4, das ja 
auch den Bernsteinschen Aequivalenzsatz zur Folge hat. 
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Wegen MbM hat-man nämlich 
MM, 
wo mit M auch ®' eine endliche Menge ist. Hieraus und aus 
NN folgt weiter 
(M, N) — (MN). 

Wir unterscheiden nun, ob M eine endliche oder unendliche 
Menge ist. Im ersten Fall sind (M, N) und (M,N) endliche Mengen, 
ferner ist (M, NR) Teilmenge von (M,N) und daher ist gemäss $4,4 

(MREMN). 

Ist aber WM eine unendliche Menge, so ist (MN) nach $ 4, 8 
ebenfalls eine unendliche Menge; dagegen ist (M,N) nach $ 4, 12 
endlich und daher gilt ebenfalls ($ 4, 7) 

(M,N)EMN). 
Wegen WM, N N folgt daraus weiter 
(M, N)b(M,N). 
In den andern Fällen lassen sich eindeutige Folgerungen nicht 
entnehmen. Nur soviel sei bemerkt, dass mit den Relationen 
MaM und NbN 
jede der beiden Beziehungen 
(M, N)a(M, N) und (M, N) 5 (M, N) 
verträglich ist. 


$ 7. Schlussbetrachtung. 


Die vorstehende Untersuchung liefert jedenfalls ein hinreichendes 
Axiomensystem für die Sätze, die die Aequivalenzprobleme der 
Mengen betreffen. Wird für den Augenblick noch die Bezeichnung 
Me N für die Aequivalenz von M und N eingeführt, so handelt es 
sich genauer gesprochen, um die Kombination der Beziehungen, 
die durch 

MaN, MbN, MeN MdN, MeN, MYN, M{N,(M,N) 
dargestellt sind, und um die Art, wie sie assoziativ einander bedingen 
und sich mit einander verbinden. Ob die aufgestellten Axiome sämt- 
lich notwendig sind oder auch entbehrliche Bestandteile enthalten, 
mag offen bleiben. Abgesehen von den Axiomen mehr formaler 
Bedeutung, wie die über Me N, Mf N, Mt N sind es wesentlich die 
folgenden, die die materiellen Stützen des Aufbaues darstellen: Das 
Axiom der Verknüpfung, die Axiome über die Aequivalenz der 
Teilmengen und der Verbindungsmengen, die Axiome über die Nicht- 
aequivalenz der Verbindungsmengen nicht aequivalenier Mengen und 
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das Axiom über die Aequivalenz endlicher Mengen. Die Characteri- 
sirung, die in diesen Bezeichnungen enthalten ist, zeigt schon die 
Verschiedenheit der Gebiete, denen sie angehören, und zeigt auch 
ihre allgemeine Notwendigkeit für den Aufbau. 

Wie bereits in der Einleitung erwähnt, ist die vorstehende Betrach- 
tung zugleich eine Axiomatik der Grössenlehre; in der Tat istja von 
den Elementen der Menge nirgends die Rede. Dies ist auch die 
Tatsache, die dem in $ 3 gefundenen Resultat seine Stellung im 
axiomatischen Aufbau anweist. Wir fanden dort, dass mit den 
Beziehungen Md N und NdP auch die Folgerung Ma P verträg- 
lich ist. Sie könnte deshalb an sich ebenfalls als axiomatische Fest- 
setzung an Stelle des Axioms II eingeführt werden. Wie wir sahen, 
bewirkt sie als weitere Folgerung, dass aus MaP und PdN sich 
MdN ergiebt, und liefert ebenfalls ein in sich widerspruchsfreies 
System von Beziehungen. Es liess sich durch die Formeln 

(aa) = (dd) —=a;’ (ad) (de) ud 
darstellen. 

Dies wollen wir nun deuten. Zunächst ist zu beachten, dass in die 
vorstehenden Schlüsse die Beziehungen Mb N und MeN nicht eingehen, 
dass es sich bei ihnen vielmehr nur um Ma N und Md N und deren 
Kombinationen handelt. Nur auf sie beziehen sich also die obigen Regeln 
und auf sie beschränke ich mich zunächst. Die Aufgabe ist dann, 
Objecte mit Grössencharacter zu finden, die sich diesen Regeln fügen. 
Die in $ 3 erwähnte Analogie mit den Vorzeichenregeln macht dies 
leicht. Man erreicht es, indem man entgegengesetzte Grössen in 
Betracht zieht, deren Teile zum Ganzen in der durch (a) festgelegten 
Beziehung stehen, also der Dedekindschen Definition genügen; die 
Beziehung MaN gilt dann für gleichartige, dagegen MdN für 
enigegengesetzte Objecte. Einseitig begrenzte Geraden von unend- 
licher Länge aber entgegengesetzter Richtung bilden ein einfaches 
Beispiel, falls man als Teilmenge jeden ebenfalls unendlichen Bestand- - 
teil betrachtet und die Aequivalenz z. B. durch eineindeutige Aehn- 
lichkeitsabbildung definirt. Für je zwei von ihnen besteht dann 
entweder die Relation (a) oder (d). 

Man kann leicht erreichen, dass auch die Beziehungen (b) und (c) auf- 
treten. Dies geschieht so, dass man auch Paare entgegengesetzt 
gerichteter Geraden als Objeete zulässt. Für je zwei solche Paare 
besteht dann die Beziehung (a), für jedes Paar und eine einzelne 
Gerade die Beziehung (5) oder (c), und für je zwei einzelne Geraden 
die Beziehung (a) oder (d). Die Gesetze 


(aa)=(dd)=a, (ad—=(da)=d 
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bleiben offenbar bestehen. Beziehungen (bb), (bd), (de), und (cc) sind 
unmöglich. Dagegen giebt es hier eine Regel für (be); es kann sowol 
(a) wie (d) resultieren. Endlich ergeben die Beziehungen 

{ab) (ba) (db), (ac) (ca) (cd) 
(b) oder (c) als Resultat. 

Die Tatsache, dass die Cantorsche Theorie die Unvereinbarkeit 
der Annahme, Mund N seien unendliche Mengen, mit der Beziehung 
MdN des $3 nicht nachtzuweisen vermochte, erfährt hierdurch 
neues Licht. Denn die Zulassung von Elementen von zweierlei Art, 
die einander entgegengesetzt sind, streitet weder gegen den Mengen- 
begriff als solehen, noch auch gegen die Dedekindsche Definition 
der unendlichen Mengen und die auf ihr ruhenden Eigenschaften. 
Für den so erweiterten Mengenbegriff kann aber, wie wir sahen, im 
Fall unendlicher Mengen auch die Beziehung MdN realisiert sein. 
Wie weit sich auf solche Mengen die weiteren Begriffe und Sätze 
der Cantorschen Theorie übertragen lassen, mag an dieser Stelle 
auf sich beruhen bleiben. 

Nur das sei noch erwähnt, dass die allgemeine Weiterführung 
der bisher gefundenen Resultate in erster Linie die Beziehung der 
Menge zu ihren Elementen, ferner den Ordnungsbegriff u.s.w. ins 
Auge zu fassen hat. Ich will noch kurz zeigen, wie man die Elemente 
der Menge auf der hier vorhandenen Grundlage einführen kann. 
Voranzustellen ist das folgende Axiom: 

l. Jede Menge enthält Teilmengen, die nicht mehr selbst in Teul- 
mengen zerlegbar sind; sie heissen unzerlegbare Teilmengen oder 
Elemente. Sie sollen durch 

m T'M oder kürzer durch m 
bezeichnet werden. Von ihnen gilt der Satz: 

Ist M — N, so kann eine nicht zerlegbare Teilmenge von M keiner 
zerlegbaren Teilmenge von N aequivalent sein und umgekehrt. 

Aus der Aequivalenz M = N folgt nämlich nach Axiom I von $ 3 
zu jedem M’ die Existenz einer Teilmenge N’ von N, so dass 

MN 
ist. Würde nın m= M’ ein zerlegbares N’ bedingen und wäre 
N" eine Teilmenge von N’, so folgt aus M’ = N’ gemäss demselben 
Axiom, dass N" die Existenz einer Teilmenge von m bedingt, die 
zu N” aequivalent ist; was aber einen Widerspruch darstellt. 

Von diesem Tatbestand kann man nun wieder verlangen, dass 
er auch umgekehrt gilt; d.h. man kann fordern: 

II. Zwei Mengen M und N sind aequivalent, wenn jedem Element 
von M ein Element von N zugehört und umgekehrt. 


810 


Dass diese Forderung an sich widerspruchsfrei ist, wurde eben- 
gezeigt; dass sie auch den allgemeinen Axiomen genügt, die die 
Aequivalenzbeziehung regeln ($1, I und 11, $3, I, $#, D), ist leicht 
zu sehen. Damit möge diese Betrachtung ihren Abschluss finden. 
Auf die Frage, wie mit der Einführung der Elemente und der neuen 
Aequivalenzbeziehung sich der axiomatische Aufbau ändern würde, 
soll hier nicht weiter eingegangen werden. 

Jedenfalls entspricht die vorstehende Untersuchung den Forder- 
ungen, die im Anfang gestellt wurden. Sie sieht von allen Wort- 
definitionen ab und benutzt ausschliesslich Beziehungen zwischen 
den Objecten, von denen sie handelt. Die Axiome liefern die Grund- 
regeln für das Öperieren mit ihnen. Gerade um dies deutlich her- 
vortreten zu lassen, ist jedem Axiom und jedem Satz die ihm 
entsprechende formale Ausdrucksweise, also die Bindung, die die 
bezüglichen Beziehungen durch den Satz oder das Axiom erfahren, 
gegeben worden. Auch sind die einzelnen Axiome immer erst dann 
eingeführt worden, wenn sie für den Fortgang der Beweise nötig 
waren. 


Mathematics. — ‘“UVeber eineindeutige, stetige Transformationen von 
Flächen in sich”. (Sechste Mitteilung ‘)). By Prof. L. E. ]J. 
BROUWER. 


(Communicated at the meeting of March 27, 1920). 


Die in der fünften Mitteilung über diesen Gegenstand für die Kugel 
ausgeführte Aufzählung aller Transformationsklassen wird hier für 
die projektive Ebene erbracht werden. 

Sei £ eine eindeutige stetige Transformation der projektiven Ebene 
a in sich, k eine einseitige einfache geschlossene Kurve von ı, h 
die Verdoppelung von Ak, @ das in x von h umschlossene zweiseitige 
Gebiet, A’ das Bild von % für £. Wir werden ? erster oder zweiter 
Art nennen, je nachdem %’ einseitig oder zweiseitig ist. Eine Trans- 
formation erster und eine zweiter Art können offenbar niemals 
derselben Klasse angehören. 


$1. Die Transformationsklassen erster Art. 


Sei 7’ eine der beiden durch ? bestimmten Abbildungen von 
@+Nh auf die zweiseitige Verdoppelung 3 von x, @’ bzw. h’ das 
Bild von @ bzw. Ah für 7, / der Inhalt von $ für eine bestimmte 
elliptische Massbestimmung in x. Alsdann ist, wenn wir G und ß 
mit passenden Indikatrizen versehen, der Inhalt einer willkürlichen 

il 


simplizialen Approximierung von @’ gleich I, won eine nicht- 


negative ganze Zahl ist, welche wir den Grad von tnennen werden. 
Alle Transformationen erster Art, welche derselben Klasse angehören, 
besitzen offenbar denselben Grad. 

Um auch die umgekehrte Eigenschaft zu beweisen, werden wir 
zwei Methoden angeben, von denen die erste vom Resultate der 
fünften Mitteilung über diesen Gegenstand Gebrauch macht, die 
zweite dem Beweisgange dieser Mitteilung parallel läuft. 

Erste Methode. Wir konstruieren in @ eine einfache geschlossene 
Kurve r, und eine innerhalb r, gelegene einfache geschlossene Kurve 
r,, und bezeichnen das Innengebiet von r, met @,, das Zwischen- 
gebiet von r, und r, mit (@,, das Zwischengebiet von r, und A mit 


1) Vgl. diese Proceedings XI, $. 788; XII, S. 286; XIII, S. 767; XIV, S. 300; 
XV, S. 352 (1909-1912). 
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G,. Wir werden t eine gegen P reduzierte Transformation n‘" Grades 
nennen, wenn 7 die Kurven A und r, je eineindeutig und beide mit 
dem gleichen Umlaufssinn auf den (a in zwei der Reihe nach mit 
den Graden n und n +1 überdeckte Hälften $, und 3, zerlegenden) 
Grosskreis m, die Kurve r, auf den in ?, gelegenen Pol P-von m 
und die Gebiete G, und @, je eineindeutig auf das von P und m 
begrenzte Gebiet abbildet. Nach dem Resultate der fünften Mitteilung 
über diesen Gegenstand können wir zwei willkürliche gegen P 
reduzierte Transformationen n!® Grades unter Invarianz der durch 
dieselben bestimmten Abbildungen von r, und h stetig ineinander 
überführen. 

Hiermit ist aber unser Ziel erreicht: eine beliebige Transformation 
erster Art lässt sich nämlich durch stetige Modifizierung in eine gegen 
P reduzierte Transformation überführen, indem wir zunächst der 
Kurve A’ die erforderliche Gestalt erteilen und sodann unter Inva- 
rianz aller Punkte von A’ den Prozess zu Ende führen. 

Zweite Methode. Wir werden i eine normalısierte Transformation 
n'en Grades nennen, wenn erstens h’ eine einfache geschlossene Kurve 
und eineindeutiges Bild von A ist (durch welches also 8 in zwei der 
Reihe nach mit den Graden n und n + 1 überdeckte Hälften ?, und 
ß, zerlegt wird) und zweitens T eine einfach verzweigte Riemannsche 
Abbildung ist, deren Verzweigungspunkte alle in 3, gelegen sind. 
In diesem Falle können wir in ß, nach der LürorTR-CLeBscHschen 
. Methode ein solches System von Verzweigungsschnitten mit dazu 
gehöriger Blätteranordnung anbringen, dass Ah’ eine ganz im ersten 
Blatt gelegene Kurve wird. Aus dieser Bemerkung folgt unmittelbar, 
dass alle normalisierten Transformationen n!e* Grades zur selben Klasse 
gehören. 

Wir werden £ eine kanonische Transformation nter Grades nennen, 
wenn erstens h’ ein Grosskreis und eineindeutiges Bild von A ist und 
zweitens n in (r gelegene einander nicht treffende einfache geschlos- 
sene Kurven von 7’ in solcher Weise in je einen einzigen Punkt 
von ß übergeführt werden, dass die von diesen Kurven bestimmten 
Teilgebiete von @ alle mit dem Grade + 1 eineindeutig und stetig 
abgebildet werden, und zwar die nicht an Ah grenzenden auf die 
einfach oder mehrfach punktierte Kugel 3, das an h grenzende auf 
eine von A’ umschlossene, im allgemeinen ebenfalls punktierte Halb- 
kugel. In diesem Falle können wir £ zunächst mittels einer beliebig 
kleinen, alle Punkte von h’ invariant lassenden stetigen Modifizie- 
rung in solcher Weise umformen, dass 7 eine einfach verzweigte 
Riemannsche Abbildung mit lauter, nicht nur in ß, sondern auch in 
ax, verschiedenen Verzweigungspunkten wird, und sodann mittels 


813 


einer weiteren stetigen Abänderung in eine normalisierte Transfor- 
mation überführen. Mithin gehören auch alle kanonischen Transfor- 
mationen nten Grades zur selben Klasse. 

Eine beliebige Transformation erster Art lässt sich aber durch 
stetige Modifizierung in die kanonische Form bringen: um dies zu 
bewerkstelligen, formen wir sie zunächst so um, dass A’ ein Gross- 
kreis und eineindeutiges Bild von 4 wird und wenden sodann unter 
Invarianz aller Punkte von Ah’ die in der fünften Mitteilung über 
diesen Gegenstand erörterte Abänderungsmethode an, welche hier 
nur dahin zu ergänzen ist, dass a.a.O. S. 355 oben unter den 
Gebieten 9, auch ein durch h begrenztes Gebiet g,, auftritt, das für «®) 
nicht nirgends dicht abgebildet wird, während wir mittels einer beliebig 
kleinen stetigen Modifizierung von «() erreichen können, dass kein weite- 
rer Teil der Grenze von g,, mit i zusammenhängt und dass das Bild von 
9, Keine auf h’ gelegenen Verzweigungspunkte aufweist; weiter trittnebst 
den a.a.0. S. 359 und 360 unterschiedenen Gebieten erster, zweiter 
und dritter Art noch ein einziges Gebiet vierter Art auf, das eine 
der von A’ umschlossenen Halbkugeln eineindeutig und stetig, ent- 
weder positiv oder negativ, überdeckt, während das a.a.O. im 
vierten Absatz von $. 359 angegebene Verfahren eventuell auch zu 
verwenden ist, um ein Gebiet zweiter bzw. dritter Art mit einem 
angrenzenden negativen bzw. positiven Gebiete vierter Art zu einem 
positiven bzw. negativen Gebiete vierter Art zu vereinigen. Mithin 
gehören alle Transformationen erster Art n'® Grades zur selben Klasse. 


$ 2. Die Transformationsklassen zweiter Art. 


Sei wieder 7’ eine der beiden durch ? bestimmten Abbildungen 
von @ + h auf die zweiseitige Verdoppelung ß von = und :@’ bzw. 
h’ das Bild von @ bzw. A für 7, so wird 8 von einer willkürlichen 
simplizialen Approximierung von (@’ entweder überall mit einem 
geraden oder überall mit einem ungeraden Grade überdeckt. Im 
ersteren Falle werden wir ? eine gerade, im letzteren Falle eine un- 
gerade Transformation zweier Art nennen. Die Transformationen 
einer Transformationsklasse zweiter Art sind offenbar entweder alle 
gerade, oder alle ungerade. . 

Sei 4 die Fläche vom Zusammenhange der Kugel, welche aus x 
durch Identifizierung aller Punkte von % erhalten wird. Wir werden 
t eine in k kontrahierte Transformation nennen, wenn &’ sich auf 
einen einzigen Punkt reduziert und zwar insbesondere eine einfache 
in k kontrahierte Transformation, wenn ß für 7 von # entweder 
mit dem Grade 0 oder mit dem Grade 1 überdeckt wird. Alsdann 
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folgt aus dem Resultate der fünften Mitteilung über diesen Gegen- 
stand unmittelbar, dass alle einfachen in k kontrahierten Transfor- 
mationen derselben Parität zur selben Klasse gehören. 

Eine beliebige Transformation ? zweiter Art lässt sich aber durch 
stetige Modifizierung in die Form einer einfachen in % kontrahierten 
Transformation bringen: um dies zu bewerkstelligen, formen wir sie 
zunächst in eine in k kontrahierte Transformation um, wobei also 
h’ sich auf einen einzigen Punkt / reduziert und-£ für 7’ von 6 
mit einem gewissen Grade m überdeckt wird, und modifizieren 
sodann t in solcher Weise weiter, dass h’ der Reihe nach alle Lagen 
von zweimal durchlaufenen, durch / und den Gegenpunkt Q von 
P als Pole bestimmten Breitekreisen erhält, und sich schliesslich in 
Q zusammenzieht. In diesem Augenblicke wird $ für 7’ von 6 ent- 
weder mit dem Grade m 4 2 oder mit dem Grade m—2 überdeckt: 
durch geeignete Einrichtung des Verfahrens können wir dafür sorgen, 
dass ein beliebig gewählter dieser beiden Werte erreicht wird. 
Hieraus folgt, dass wir durch passende Wiederholung desselben 
Prozesses ti in eine einfache in %& kontrahierte Transformation über- 
führen können. Mithin gehören alle Transformationen zweiter Art 
derselben Parität zur selben Klasse. 


$ 3. Die Minimalzahlen der Fixpunkte. 


Weil einer eindeutigen stetigen Transformation von sin sich zwei 
eindeutige stetige Transformationen von in sich entsprechen, welche 
nicht beide den Grad —1 besitzen, mithin nicht beide fixpunktfrei 
sein können '), so besitzt eine eindeutige stetige Transformation der 
projektiven Ebene x in sich wemigstens einen Fixpunkt. 

Dass andrerseits für keine Transformationsklasse von x die Minimal- 
zahl der Fixpunkte mehr als 1 beträgt’), erhellt aus der folgenden 
Transformation erster Art nten Grades: 

| gy —=tgw-- cosp 
Y=(n+1)y, 
wo mit p und w Länge und Breite auf 8 bezeichnet werden, und 
aus der folgenden geraden bzw. ungeraden Transformation zweiter Art: 
yvy=y 
o’—0 bzw. 0’ — %w, 
wo mit p und ® Länge und Polabstand auf ß bezeichnet werden. 
!) Vgl. Math. Annalen 71, S. 114. 
= Wegen der Beantwortung der analogen Frage für die Kugel und die beiden 
Ringflächen vgl. meine demnächst im Anschluss an einen Aufsatz von J, Niersen 


in Math. Annalen 81 erscheinende Notiz: „Ueber die Minimalzahl der Fixpunkte 
bei den Klassen von eindeutigen steligen Transformationen der kRingflächen” 


Chemistry. — “On the Symmetry of the Röntsenpatterns Obtained by 
means of Systems Composed of Orystalline Lamellae, and on the 
Structure of Pseudo-Symmetrical Orystals”. By Prof. F. M. Jarcer. 


(Communicated at the meeting of April 23, 1920) 


$ 1. It is well known how SonHncke ') and MALLARD ?), as a conse- 
quence of experiments formerly executed by NÖRREMBERG and Von 
Reusch, have first tried to account for the optical properties of 
uniaxial, ceircularly-polarizing erystals, by the supposition that all 
such erystals are in reality only apparently higher-symmetrical inter- 
growths of very numerous, extremely thin, and often submierosco- 
pical, erystalline lamellae of lower crystallographical symmetry. In 
many cases this supposition has afterwards been confirmed by 
experience; and just in the same way as in the experiment executed 
in 1869 by Von Reusch, who demonstrated in a more or less 
perfect way the possibility of imitating the behaviour of uniaxial 
erystals endowed with rotatory power in the direction of their 
optical axis, by means of a number of mica-lamellae, regularly 
piled-up clock-wise or oppositely, while crossing under the same 
fixed angle, — thus the behaviour of such pseudo-symmetrical erystals, 
built up from microscopical lamellae, also appeared to approach the 
more closely to that of true tetragonal, trigonal, and hexagonal 
erystals, as the composing lamellae were thinner and more numerous. 
The complexes thus obtained are either dextro-, or laevo-gyratory, 
be it that the piling-up of the successive lamellae has occurred celock- 
wise or in the opposed direction. During the investigations of Haca 
and myself about the specific symmetry of the Rönteenpatterns 
obtained by. diffraetion of Röntsenrays in plane parallel plates of 
optieally uniaxial erystals’), we had occasion to study also some 
pseudo-symmetrical erystals of this kind, which were characterised 
by more or less evident optical anomalies; and, while some of them, 


— e.g. the pseudo-tetragonal strychnine-sulphate, — gave RÖNTGEN- 
patterns of so perfect a synmametry, that they could not be distinguished 
from those obtained with real tetragonal cerystals, — we also found 


with some other erystals of this kind (racemie triethylenediamine-cobaltı- 


I) L. Souncke, Zeits. f. Kryst. u. Miner, 19, 529, (1899). 

2) E. MALLAarD, Ann. des Mines, (7), 19, 256 (1881); Traite de Oristallogra- 
phie, II. 262—804, (1881), H. Pommcars, Theorie mathem. de la Lumitre, I, 
975, (1892). 

9 cr vn H. HıcA and F. M. JAEGER, Proceed. Royal Acad. of Sciences, 
Amsterdam, 17, 1204, (1915); 18, 558, 1355, (1916). R 
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bromide (+ 3 H,O), benzile, apophyllite, etc.), patterns, showing only a 
single plane of symmetry, and having, therefore, really the aspect of the 
patterns commonly obtained with monoelinie erystals, if cut parallel 
to a plane of their orthodiagonal-zöne. On that occasion we also 
emphasized, that the cause of this abnormal behaviour might probably 
be ascribed to an imperfect orientation of the lamellae in one of 
the directions of intergrowths, these for the rest being equivalent. 
This imperfect orientation might then consist of either a eslight 
rotation of the lamellae about one of their axes in the special 
direction mentioned above, or of a twinning of some of these 
lamellae. In all cases, however, it appeared necessary to make the 
supposition, that those particulars should have occurred more frequently 
in one of the direetions of intergrowth, than in each of the others. 

As it was our purpose to obtain a more exact insight into the 
real behaviour of such pseudo-symmetrical erystals composed of 
intergrown lamellae, with respect to the phenomenon of the diffrac- 
tion of transmitted RöntgEnrays, we have undertaken the study of the 
specifie symmetry of the Röntsznpatterns, which could be obtained 
by means of systems of regularly piled-up mica-lamellae, in its 
dependency on the special structure of the used mica-complexes. 

The results obtained, which are reviewed in the following pages, 
have in the first place shown some pecularities, pointing ‚to a close 
analogy witlı the anomalies formerly found by us in tbe case of real 
pseudo-symmetrical erystals; on the other hand, however, the expe- 
rience gained must necessarily lead to the conelusion that the views 
of SoHncke and MALLARD, — at least in so far, as tetragonal erystals 
endowed with eircular polarisation be considered — cannot yet be 
considered to give a final explanation of the phenomena observed iu 
these cases. 

The RönrtsEnpatterns used here, have all been obtained in the 
Physical Laboratory of the University of Groningen by my colleague 
Haca, to whom I wish once more here to offer my sincere thanks 
for his kind and expert help during this investigation. 


$ 2. In these experiments, thin cleavage-lamellae of muscovite: 
KH,AUSO,), were continually made use of. As is wellknown, 
this mineral has monoelinie-prismatie symmetry, with the parameters: 
a:b:c: = 0.577: :1:2,217 and = 84°55’. This symmetry, however, 
very closely approaches a hexagonal one, the prism-angle of mus- 
covite being 120°11’. A perfect cleavage oceurs parallel to 001, 
the preparation of very thin lamellae being thus extraordinarily 
facilitated. In this mica-species the optical axial plane is perpendi- 


- F. M. JAEGER, “ON THE SYMMETRY OF THE RÖNTGENPATTERNS OBTAINED WITH 
SYSTEMS OF CROSSING LAMELLAE, AND ON THE STRUCTURE OF 
PSEUDO-SYMMETRICAL CRYSTALS” 


RR 
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Fig. 1. 
Röntgenpattern of a muscovite-lamella parallel to (001) 
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’ Fig. 2. Fig. 3. 
Röntgenpattern of a System of muscovite-lamellae Röntgenpattern of a System of muscovite-lamellae 
F' crossing at 600, crossing at 450. 
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eular to the erystallographical plane of symmetry (010) ; moreover, 
the first bisector is alınost perpendicular to the plane of cleavage, 
while the dispersion (ge >v) also, differs only unappreeiably from 
that of a rhombie crystal. The mineral is strongly birefringent 
(about: 0,038), with negative character. 

In first instance now, the Rönteenpattern of a single lamella 
(d= 0.32 mm.) was obtained, as reproduced in fig. 1 of Plate I; 
a. stereographical projection of this beautiful and rich diffraction- 
image is given, moreover, in the diagram 1 of the text. It manifests 
the ordinary bilateral symmetry. of the monoclinie erystals parallel 
to {001} or $100%; on more detailed examination, three directions 
may, moreover, be clearly discerned in it, which inelude angles 
of almost 60° with each other, and which are closely related to the 
hexagonal “radiation-figure’”’ of this mica-species, obtained by pres- 
sure with a sharp object. The direction of the optical axial plane 
may also be discerned in it without much difficulty ; it is. indicated 
by a row of numerous smaller spots, situated perpendieularly to 
the plane of symmetry of the diffraetion-pattern. 


Fig. 1. Stereographical projeetion of the RöntTgenpattern of a 
single Muscovite-lamella, parallel to {001}. 


54* 
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$ 3. In the second place we investigated the behaviour of four 
preparations, these being dextro-, respectively laevogyralory MiCA- 
piles consisting of muscovite-lamellae crossing at 45° or 60°. The 
composing lamellae were cut from a smuscovite-erystal in such & 
way, that their longer side was parallel to the optical axial plane 
of the mineral, their shorter edge thus being parallel to its plane of 
erystallographical symmetry. The central part of the complexes com- 
posed of hexagonally arranged lamellae, manifested in convergent 
polarized light between crossed nichols the almost perfect axial 
image of a uniaxial erystal endowed with eircular polarisation; in 
the interference-image of the dextro- or laevogyratory complexes 
built up by lamellae crossing under 45°, there appeared only a 
single dark beam interrupted in the central part of the image, while 
also the coloured rings showed a somewhat elliptical distortion with 
a slight spiral constrietion in the immediate vieinity of the dark 
beam. For the rest, the optical properties of the preparation appeared 
{o vary quite continuously in all azimuths, being almost the same 
in all directions. The Röntsenpatterns obtained are reproduced in 
fig. 2 and 3 of Plate I, in the right position with respect to that 


Fig. 2a. Stereographical Projection of the normal Diffraetion-pattern of a dextro 
or laevogyratory Complex of Muscovite-lamellae, erossing at 60°, 


Fig. 2b. Stereographical Projection of the abnormal Diffraction-pattern of a dextro- 
or laevogyratory Complex of Muscovite-lamellae, crossing at 60°. 
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Fig. 3a. Stereographical Projection of the normal Diffraction-image of a dextro- 
or laevogyratory Complex of Muscovite-lamellae. crossing at 45°, 
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. 
Fig. 35. Stereographical Projection of the abnormal Diffraction-image of a dextro- 
or laevogyratory Complex of Muscovite-lamellae, crossing at 45°. 


of fig. 1 of this plate, while the text-figures 2a and 25, respectively 
3a and 35, represent stereographical projections, immediately relating 
to these diffraetion-images. In all experiments the time of exposure 
of the photographic plates was two hours. 

Secondly, we can remark, that the normal RöNTGEN-images of 
fig. 2a and 3a show a perfect hexagonal, respectively octogonal sym- 
metry, evidently consisting of a pattern repeated six, respectively 
eight times, the structure of which is, however, in the hexagonal 
image clearly different from that in the octogonal image, although 
tlıe absorption of the Röntersrays in these very thin lamellae plays 
only an insignificant part. Evidently the character of the composing 
patterns is here dependent in some way or other on the special 
way in which the secondary waves, emerging from the upper 
lamella, are modified by their passage through the next following 
lamella; and from this experience it seems, that this influence varies 
with the magnitude of the crossing-angle of two subsequent lamellae '). 


I) On the modifications of a primary Röntgen-pattern, if a secondary ray of 
it passes through a second and identically orientated crystalplate of Ihe same sub- 
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The character of the whole pattern as that of an original figure 
repeated regularly a number of times, equal to the number of lamellae 
contained in & full turn of 360° (here, therefore 6 or 8), — was 
observed in all cases of normal diffraetion-images; it can be considered 
as the normal character of the diffraction-patterns of such complex 
systems of lamellae. 

Basing ourselves upon the experience gained in these and other cases, 
we may, therefore, safely enunciate as a general rule: // the central 
part of a regular complex of cerystalline lamellae, cut perpendieular 
to a plane of symmetry of the crystals, and crossing at angles 
u — be radiated through by Röntsenrays, then the normal dif- 
Fraction-pattern thus obtained, will exhibit an axis of n-fold sym- 
meiry, showing, therefore the image of an original pattern repeated 
n-times. The diffraction-image of the dextro- and laevogyratory com- 
plexwes of this kind are always identical. 


$ 4. From what has been said, it must be concluded directly, 
that pseudo-Zetragonal, eircularly polarizing erystals can not be con- 
sidered as built up in the way supposed by MALLARD, namely, if 
they do not consist of a substance, the molecules of which are them- 
selves endowed with rotatory power. For it may be easily foreseen, 
that even in the case where the composing lamellae possessed no 
symmetry-plane whatever, the final diffraction-image will at least 
show an axis of ocitogonal symmetry, the eight planes of symmetry 
in fig. 3a then having disappeared. In this most general case of 
lamellae crossing at 45°, therefore, the pattern should all the same 
show an ociogonal symmetry-axis, which, however, is impossible 
in erystallography, and which, inagreement withthisfact, wasnever found 
by us in any diffraction-image of real or apparent tetragonal crystals. 
The Röntgenpatterns of any optically-inactive, pseudo-tetragonal erys- 
tal-species'), or those of optically-inactive, pseudo-tetragonal erystals 


stance, eonf. the paper of R. GLockur, Ann. der Physik, (4) 47, 337, (1915). We 
have now started the systematical investigation of the phenomenon stated in the 
above, according to which the special character of the diffraction-image of such 
crossed lamellae varies with the angle p, at which subsequent lamellae cross. 
From the fact, that the text figures 2—7 are drawn on the same scale as fig. 1, 
it will immediately be clear, that there can be not a mere superposition of images 
here, as e.g. a considerable number of the outer spots of fig. 1 have completely 
disappeared, even in so simple a case as that of fig. 4. 

1) Conf. the pattern of sirychnine-sulphate, in: F. M. JaserR, Lectures on the 
‚Principle of Symmetry and ils Application in all natural Sciences, 2nd Edition, 
‚Amsterdam, (1920), p. 194, 195. However, in this case the molecules of the sub- 
stance have a rotatory power in solution also. 
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such ‘as potassium-ferrocyanide, always manifested in their most 
complete and undisturbed form an axis of fourfold symmetry at the 
highest, and the same appeared to be the case with all true tetra- 
gonal erystals hitherto investigated. But in such complexes of lamellae, 
an axis of fourfold symmetry of the diffraetion-image results only, 
when the composing subsequent lamellae include an angle of 90°, 
instead of 45°, as could be demonstrated e.g. by the pattern repro- 
duced in fig. 4, obtained with a system of muscovite-lamellae, care- 
fully arranged at 90°. 


Fig. 4. Stereographical Projection of the Rönrtgen-pattern of a Compiex of 
Muscovite-lamellae crossing at 90°. 


It must be coneluded, therefore, that, if pseudo-tetragonal erystals 
be of the nature of polysynthetical intergrowths at all, the composing 
lamellae cannot cross at other angles than 90°. But from the mathe- 
matical theory of optical superposition') it follows necessarily, — 
and the early experiments of NÖRREMBERG and others are in full 
agreement with this conclusion, — that such systems of lamellae 


I) In 1906, at my request, professor Lorentz was kind enough to develop once 
more the theory of the optical phenomena in systems of regularly piled-up lamellae. 
His results agree, although not quantitatively, yet in their prineipal features with 
those obtained by Martarn and others. 
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erossing under angles of 90° will never manifest an optical rotation. 

The supposition made by MarLArD is, therefore, only allowable 
for pseudo-tetragonal erystals without optical rotation, and there is 
no possibility to explain the special behaviour of real pseudo-tetra- 
gonal crystals endowed with rotatory power in this way, at least 
in those cases, where the molecules of the erystallised substance 
do not possess a molecular rotation of their own. It will be necessary 
to look for a special explanation in all cases concerning this kind 
of objects, as e.g. in that of the pseudo-tetragonal ethylenediamine- 
sulphate, ete. 


$ 5. On celoser examination of the original photographie plates 
of the patterns obtained with the hexagonal and octogonal complexes, 
which correspond with the projection-figures 2a and 3a, it became 
evident that, although the situation of the spots on the plates 
completely agreed with that of the normal images in fig. 2a and 3a, 
yet a distinet and rigoronsly determined abnormal distribution of 
their intensities was present, in such a way, that equivalent spots 
in the images did not possess the same intensity. Especially in the 
immediate vieinity of the centre, where very intensive spots were 
situated, the said phenomenon manifested itself most elearly. A more 
detailed study taught us, that this distribution of the intensities in 
the two images was, as drawn in the figures 25 and 35, i, e. 
symmetrical with respect to only a single plane. By special experiments 
it could be proved, that these anomalies did not depend on the 
position of the preparation with respect to the plane of the anti- 
cathode, or generally, to that of the luminous source: for on turning 
the preparation from its original position through 45° e.g., the plane 
of symmetry E in the images appeared to have turned also through 
the same angle on the new photograms. The cause of the said 
abnormalities must, therefore, be ascribed to the preparations them- 
selves; and the close analogy of these anomalies with those formerly 
observed by us in real pseudo-symmetrical erystals, must be obvious, 
as also in those cases we observed a bilateral symmetry of the 
pattern, instead of the expected one, as was e.g. demonstrated with 
rac. triethylenediamine-cobalti-bromide and other preparations. The 
chief difference between these cases is, that in the preparations 
formerly studied, a number of spots were lacking altogether, their 
intensities being reduced to zero. Thus the bilateral symmetry of 
the patterns came there to expression in a higher degree, than was 
the case in our photograms which were obtained with objects, 
composed of a much smaller number of superimposed lamellae. 
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That it must be special properties of the preparations, that are 
the eause of such anomalies, becomes also evident from the fact, that 
the pseudo-symmetrical substances showing them, under favourable 
eirecumstances may occur in such well developed individuals, as to 
give perfectly undisturbed Rönrsen-patterns: thus e.g. with potassium- 
ferroeyanide in most cases certainly only bilaterally symmetrical 
images were obtained‘), but occasionally there were found also perfeet 
tetragonal patterns. And while we obtained an only bilaterally 
symmetrical Rönrtgzn-pattern with an apparently irreproachable 
individual of benitoite”) cut perpendicular to its optical axis, Rınn& *) 
afterwards was able to obtain a quite normal trigonal diffraetion- 
image of the same mineral. 

Moreover, it was found that the direction of the single plane of 
symmetry in the Rönrteenpattern was completely analogous in the two 
cases studied in the above: its situation being in that of the hexagonal 
complex, as well as in that of the octogonal one, coineiding with the 
bisector of one of the angles of two), subsequent lamellae of the 
mica-piles. As the optical and microscopical investigation of the 
preparations did not reveal any abnormality in these directions, the 
only possible conelusion was, that the cause of this phenomenon 
must be attributed to some peculiarity in the lamellar arrangement. 

In the case of the preparations with lamellae erossing at 60°, 
the explanation of the phenomenon may be given in the simplest 
way as follows. 

The preparation of such mica-piles -was hitherto executed only 
with the purpose of demonstrating the optical effects of such com- 
plexes: the apparent uniaxiality and the rotation of the plane of 
polarisation of the incident rays. Because of the fact that the optical 
orientation of each lamella does not differ appreciably from that of 
a rhombie erystal eut perpendieularly to its first biseetor, it could 
be considered hitherto of no interest to the prepairer of such mica- 
piles, whether he piled up these lamellae in the same position as 
they were cut from the original erystal, or whether he turned 
them aceidentally through 180° about an axis perpendicular to the 
plane of the lamella. For the final optical effect of the preparation 
will not be affected in the slightest degree by this turning. However, 
such a change of right and left, of the anterior or posterior part 


v) The plane of symmetry being in these and other cases often parallel to the 
direction of the composing lamellae, contrary to what was observed here. 


?) F. M. JAEGER and H. Haca, Proceed. Acad. of Sciences Amsterdam. 17, 
1204 (1915), 


5) F. Rınne, Miner. Centralblatt, (1919), p. 193. 
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of the lamellae, ete., is by no means indifferent any longer, if the 
distribution of the intensities of the spots in the diffraction-image 
by Rönteen-rays be considered. For the ımuscovite-crystal has under all 
eircumstances a true ““monoclinie” molecular structure; the inten- 
sities of the diffraction-spots of a lamella parallel to {001} e.g., will, 
therefore, always be different to the left or to the right of the optical 
axial plane, while they will appear the same to the right or to the 
left of the plane of cerystallographical symmetry. It must thus be 
evident, that the interchange of the two sides of a lamella in the way 
mentioned above, must really be of influence with respect to the 
special symmetry, which will be manifested in the distribution of 
the intensities of the diffraction-spots, as they will appear in the 
photographical image of the lamellar complex as a whole. 

If the subsequent lamellae of a hexade are numbered 1 to 6, 
while the longer side of the lamellae, — as was really the case 
with our preparations, — is parallel to the direction of the optical 
axial plane in each lamella, then, if in the piling-up ofthe lamellae 
at angles of 60° first the lamellae 1 to 5 be taken in their 
right position, but N°. 6 be turned now through 180° in its own 
plane, the thus obtained hexade will give a diffraction-image, in 
which the intensities of the spots will be no longer distributed 
symmetrically with respect to six planes of symmetry, but in which 
there is only a single plane of this kind, exactly bisecting the angle 
between the superimposed pairs of lJamellae: (1—4) and (2—5), and, 
therefore, being perpendicular to the pair: (3—6). By means of 
schematie figures, in which the distribution of the intensities of the 
spots, as effected by a single lamella is taken into account, it is 
possible to deduce systematically the general symmetry-character 
of the final distribution of intensities in the diffraction-image resulting 
from the complete hexade. 

Undoubtedly such a reversion of a lamella will have accidentally 
oceurred during the preparation of the mica-piles considered, just 
because there was no need for the prepairer to draw special atten- 
tion to avoid such a reversion, and because with regard to his aim he 
was quite free to fix the subsequent lamellae in those positions, in 
which they accidentally were presented to him. Of course, there is 
a fair chance also, that during his work, he turned two or three 
lamellae in the way described; and it is necessary, therefore, also 
to consider the consequences of this for the final character of the 
diffraetion-image, if all possible combinations of lamellae be in this 
way taken into account. In the case of such hexades, it appears 
unnecessary, however, to consider any combinations with a number 
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of reversed lamellae greater than three: for it will be evident, that 
an accidental reversion of four lamellae, for example, will have 
the same effect as the turning through 180° of two lamellae, of 
five the same as if one were reversed, ete. These cases are, there- 
fore, already contained amongst the possibilities formerly deduced 
in turning one, two, or three lamellae respectively. 

A closer examination now taught us, that in the case of six 
muscovite-lamellae erossing at 60°, three kinds of diffraction-images 
might be produced: with respect to the intensities of the spots 
normal patterns (N); or such as are symmetrical with respect to a 
single plane bisecting the angle between two subsequent lamellae 
(diagonally-symmetrical; D); or finally such of the same symmetry, 
but in which the symmetry-plane now coincides with the direction 
of the lamellae themselves (lamellar-symmetrical; 2). If one of the 
six lamellae be turned, there are siv possibilities; if two be reversed, 
fifteen cases must be considered; and if three lamellae be turned 
through 180°, iwenty possible combinations must be accounted for. 
In the first mentioned six cases only images with the bilateral sym- 
metry D appear to be possible, as we found it just now in the 
case of fig. 25; in the case of two reversed lamellae, we may find 
three combinations of pure hexagonal, normal symmetry, sie combi- 
nations of diagonally-symmetrical character D, and six of lamellar 
symmetry ZL. In the last mentioned case of three reversed lamellae, 
we may find Zwo possible combinations of normal character, here, 
however, not with hexagonal, but with irigonal symmetry; and 


eighieen combinations, corresponding to diagonally symmetrical 
diffraetion-images D: 
A Review of the Possible Types of Intensity-Distribution in the Diffraction-Patterns, 
Obtained by means of Mica-Complexes with Lamellae Crossing at 60°. 
If one lamella If two lamellae | If three lamellae 
be turned: be turned: be turned: 
Number of possible 
combinations: 6 15 20 
Normal images: 0. i 
Asymmetrical Images: 0. ; Goa ; alle 
Diag. symm. Images: 6. 6. 18. 
Lamell. symm. Images: 0. 6. 0. 


From this it appears, that a 'mica-complex piled-up arbitrarily 
and without special care, with lamellae crossing al 60°, will 
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never produce a completely asymmetrical diffraction-pattern; and 
that there is an appreciably fair chance that the symmetry of it 
will be diagonally-symmetrical, as found in the case of fig. 25; it 
is no wonder, that we just now met with this symmetry in the 
case of the preparation investigated in the above, 

In the same way it is possible to deduce the possibilities to be 
expected, if the composing lamellae cross at 45°. However, 
because in such maica-piles there are always lamellae present per- 
pendicular to, or coineiding with the geometrical symmetry-plane in 
one of the eight lamellae, the case of fig. 35 will never result 
from the reversion of a single lamella but only a lamellar symmetry 
L of the intensities can be produced thereby. A general review 
of the possible cases can be given as follows '): 


A Review ofthe Possible Types of Intensity-Distribution in the Diffraction-Patterns, 
Obtained by Mica-Complexes with Lamellae Crossing at 45°. 


If one lamella |Iftwo lamellae| Ifthree lamel-| Iffour lamel- 
be turned: be turned: |laebeturned:!|lae beturned: 
Number of possible 
Combinations: 5 28 56 10 
| 
Normal images: 0. 4 (octogon.). 0. 6 (octogon.). 
| Asymmetrical Images: 0. 0. 16. 0. 
Diag. Symm. Images: 0. 16. 0. 48. 
| Lamell. Symm. Images: 8. 8. 40. 16. 


If only two lamellae be turned, there is an appreciable chance of 
a diagonally-symmetrical image, as found in fig. 35; but if four 
lamellae be accidentally reversed, this chance is extremely great. 
For the rest, there are about equal probabilities for the bilaterally- 
symmetrical images D and L, both of which were observed formerly 
in the case of natural pseudo-symmetrical erystals. 


$ 6. A number of mica-piles were, moreover, prepared, in which 
the rigbt orientation of the muscovite-lamellae was rigorously checked 
by comparison with their true position in a single muscovite-erystal ?). 
First a dextro-, and a laevogyratory combination, in which the 


') My assistant Dr. A. Sınsk was kind enough to check the number of these 
possible combinations systematically. T wish to express my best thanks to him 
here once more for the trouble he has given himself in this matter. 

2) This crystal my colleague Prof. Bonnema most kindly gave me for this purpose 
from the mineralogical collection of the University. 
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lamellae were crossed at 120°, while attention was given to prevent 
a rotation of them through 180° about an axis perpendicular to the 
plane of cleavage. In these and the following preparations, the 
longer sides of the lamellae were always parallel to the geometrical 
plane of symmetry of the muscovite-erystal, contrary to what 
oceurred in the mica-piles studied before. A normal image with a 
trigonal axis and three planes of symmetry passing through it, could 
be expected here beforehand. Because of the not wholly irreproachable 
material available, the patterns obtained were not suited for photo- 
graphical reproduction,; but notwithstanding this, it was possible to 
confirm the exactness of this predietion completely. A schematical 
projection of these patterns, which also in this case appeared to be 
identical for the dextro-, and laevogyratory complexes, is reproduced 
in fig. 5. 


Fig. 5. Stereographical Projeetion (schematical) of the Röntsenpattern of 
dextro and laevogyratory Mica-piles, with Lamellae erossing at 120°, 
Finally in fig. 6 the stereographical projection is reproduced 
(schematically) of two diffraction-images, obtained by two different 
muscovite-piles. In the first complex the Jamellae crossed at 
60, and a rotation of the lamellae was carefully prevented; in the 
second preparation, however, the subsequent Jamellae ineluded angles 
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of 120°, but each following lamella was turned with respect to the 
preceding through 180° about an axis perpendicular to its plane of 
cleavage. It will be easily understood that in this way the symmetry 
of the intensity-distribution in. the two patterns must be essentially the 
same; it is remarkable, moreover, that also the patterns themselves 
appeared identical, notwithstanding the fact, that the sequence of 


Fig. 6. Stereographical Projection (schematical) of the Rönrteenpatterns of 
two Mica-piles, the Lamellae of which crossed at angles of 60° 
and 120° respectively, with a partial reversion Of some of them. 


subsequent lamellae . was different in the two mica-piles: both dif- 
fraction-images show a senary axis and six planes of symmetry 
passing through it. 


$ 7. Regarding the results obtained in the above, hardly any doubt 
can remain as to the principal justifieation of our former view, 
according to which the observed abnormalities in the Röntsenpatterns 
of pseudo-symmetrical uniaxial erystals are in reality caused by a 
simple reversion of the position of the composing lamellae. Rotations 
of this kind may, for example, occur in some cases of twin-formation 
between those lamellae, if the axis of rotation or twinning be only 
no real symmetry-element of the erystallographical structure of the 
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lamellae; at best it may be an axis of pseudo-symmetry of this 
structure. It is, therefore, by no means improbable, that finally 
submieroscopical twin,formation between the lamellar units, composing 
the pseudo-symmetrical erystal, has to be considered as the primary 
cause of the anomalies formerly observed in the Röntsex-diffraction- 
images of such erystals. 

But then the question arises, why such a twinning-process happens 
oftener in one prineipal direction of intergrowth, than in the other 
equivalent ones? This question must arise, however, because in 
such erystals one has to deäl not with a relatively' small number 
of super-imposed lamellae in each direction, but with an extremely 
great number of them. It might be supposed that there were special 
influences during, the growth of the erystal from its mother-liquor, 
which caused such a directing and. preferential action in this respect: 
but it is at the moment diffieult to guess, of what nature those 
influences really may be. Perhaps a factor of some importance 
therein may have been the heat-effeet during the crystallisation, 
which causes convection-, and concentration-currents to appear in 
the environing liquor, ‘corresponding in their turn to greater or 
smaller changes of the viscosity of the solution in those directions. 
It is well known, that the degree of viscosity of a medium plays 
an important röle with respect to the occurrence of twins, and 
generally in such a way, that an increase of the viscosity appears 
most favourable to the occurrence of twin-formations. It is not 
improbable that influences of this kind may in the end appear to 
favour also the twinning of the very thin submicroscopical lamellae, 
of which the erystal is built up in one special direction. 

‚Perhaps systematical investigations on the phenomena of crystal- 
lisation of such psendo-symmetrical erystals under variable, but 
well-determined external eircumstances, may in not too distant a 
future bring us better evidence on: this subject. 


Laboratory for Inorganic and Physical 
Chemistry of the University. 
Groningen, April 1920. 


Physiology. — “On Adsorption of Poisons by Constituents of the 
Animal Body. 1. The adsorbent power of serum and brain- 
substance for Cocain”. By L. Errtanp and W. Storm van 
Leruwen. (Communicated by Prof. R. Maenvs). 


(Communicated at the meeting of January 31, 1920). 


In a previous paper!) Storm van Leruwen has shown that in 
the serum and the tissues of rabbits there are substances capable 
of inactivating pilocarpin. At the same time he was able to demon- 
strate that this does not happen by destroying pilocarpin, but through 
a physical adsorption of pilocarpin by certain components of the 
serum, whose nature could not be determined thus far. From quan- 
titative investigations it also became evident that this physical adsorp- 
tion proceeds according to the same laws that hold for the adsorption 
of dyes by animal charcoal. 

In the paper alluded to just now, STORM VAN LEREUWEN has already 
pointed out that the adsorption of pilocarpin by rabbit's serum is 
not the only case of the kind, since many facts, described in the 
literature, render it highly probable that many similar adsorptions 
appear in the animal body. We know, for instance, that many poisons 
such as digitalis, atropin, cocain, strychnin ete. may be rendered 
inactive by animal tissue. This inactivation is commonly conceived 
to be a decomposition of the poison; we, however, believe that in 
many of those cases adsorption comes into play. True, in numerous 
cases poisons in the body are inactivated chemically, but we believe 
that this chemical action is in many cases preceded by a physical 
adsorption. The reason why we attach great importance to the 
question whether poisons are rendered inactive along the chemical 
path, or through adsorption, 'is that the great difference in the 
sensitivity of various individuals to poisons that bring about a very 
quick, acute poisoning process, can be accounted for by an adsorption, 
not by a chemical process. 

The following example may serve to illustrate this: 


ı) W. Storm van Lreruwen. Sur l’existence dans le corps des animaux de 
substances fixant les alcaloides. Arch. Neerl. de Physiol. Tome 2 p. 650 1918. 
55 


Proceedings Royal Acad. Amsterdam. Vol. XXIl. 
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it is well known that some people are less sensitive to the 
poisoning action of cocain than others. According to HATCHER and 
Eseteston!) cases are known in which 16 mgr. and 20 mgr. given 
subeutaneously were fatal, whereas in other cases 1.25 grms of 
cocain given subeutaneously had no effect whatever. HATCHER and 
Eseıeston have proved conelusively that cocain, novocain and many 
other local anaesthetics become inactive very soon after being in- 
jected into an animal, while they have also demonstrated that 
various tissues, above all tbe liver, are able to decompose these 
poisons chemically. This, indeed was no novel experience, for 
Bıer already found, when experimenting with rabbits, that cocain 
that has for some time been in contact with animal tissue, has 
thereby become less active, while Sano’) had come to the same 
conelusion for cocain with respect to brain-substance. Bier and Sano 
believed that this inactivation was caused by chemical decomposition. 

HarcHer aud EseLeston’s assertion that the liver can decompose 
cocain to a large extent, is incontestible. Still, this decomposing 
process cannot be so quick as to afford an explanation for the large 
differences in the sensitivity of different people. When after an in- 
jection of a few milligrammes of cocain the patient shows after a 
short time (a few minutes) Serious symptoms of intoxication, the 
reason can not be that the cocain in his body is not decomposed 
quickly enough, for this decomposition cannot be so quick even 
with normal individuals. This, in fact, has also been pointed out by 
HartcHer and EssLeston themselves. Now it would seem to us that 
the abnormal sensitivity of some individuals to cocain might be ex- 
plained as follows: When cocain is administered to a normal man 
or animal it will be used: 

A in those places (i.a. the central and peripheral nervous system) 
where it exerts an influence. 

B in other places (i.a. free chemoreceptors distributed in the blood). 
The sensitivity of a special individual to cocain will then be largeiy 
determined by the ratio between the number of the places of adsorp- 
tion referred to under A and B.°) 


!) C. Esereston and R. HArcHer. A further contribution to the pharmacology 
of the local anaestheties. Journ. Pharm. and exp. Therap. vol. XII. p-. 433. 1919. 

?) ToratA Sano. Ueber die Entgiftung von Strychnin und Kokain durch das 
Rückenmark. Ein Beitrag zur physiologischen Differenzierung der einzelnen 
Rückenmarks-abschnitte. Pflügers Arch. Bd. 120; p. 867. 1907. 

ToRATA Sano. Ueber das entgiftende Vermögen einzelner Gehirnabschnitte gegen- 
über dem Strychnin. Pflügers. Arch. Bd. 124, p. 369. 1908. 


3) The places of adsorption sub A may be termed “dominant chemoreceptors”, 
those sub B “secondary chemoreceptors.” 
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In order to confirm this hypothesis it must first of all be ascer- _ 
tained whether the places mentioned sub B (i.e. the secondary 
chemoreceptors) really exist in the body. 

In this paper we shall endeavour to settle this question with 
regard to cocain. 

As already stafed the researches of Bımk, Sıano, HATCHER and 
EeeLeston, and others had already brought to light that eocain can 
be inactivated by animal tissue. It lay with us to show that this 
inactivation takes place through physical adsorption. 

We had to proceed as follows: 

1. We had to ascertain the action of a cocain solution of known 
strength on a special organ. 

2. We had to show that the cocain solution became less active 
after the addition of animal tissue. 

3. We had to demonstrate that the cocain was not decomposed 
in the less active mixture, so that all the active cocain could again 
be extracted from the mixture. 

The effect of cocain upon the nervus Ischiadieus of the frog was 
taken as the index for cocain-action. We applied Zurn’s ') method °), 
of which we give a brief description (see Fig. 1). 

The nerve of a nerve-muscle preparation is led through a small 
ebonite basin, which is to hold the cocain (and other liquids); on 
either side of the place where tlıe nerve is in contact with the local 
anaesthetie, electrodes can be applied, which communicate with the 
secondary coil of an inductorium. By the aid of Pohl’s commutator 
the nerve can be stimulated alternately by E’ and E". First the 
position of the secondary coil is determined (to be read from 9) at 
which the muscle can just be stimulated from E’ as well as from 
E". Subsequently the liquid with the local anaesthetie is put in the 
basin,and after this we investigate how strong the solution must be 
in order to make the muscle after a certain time irresponsive to 
the stimulus from the electrode E’. The stimulus from E” must 
retain its effeet upon the muscle to make sure that during the expe- 
riment the exeitability of the muscle itself is not diminished. We 
invariably experimented with a gastroenemius-ischiadieus preparation 
of Rana esculenta. Due care was taken to keep the room-tempera- 
ture constant. We made sure beforehand that the liquids used. for 


1) Zorn. Beiträge zur Pharmacologie der Mischnarcose. ll. Zeitschr. f. exp. 
Path. und Ther. Bd. 12, p. 529 1913. 
2) Cf. W. Storm van Lesuwen. Physiologische waardebepalingen van 


geneesmiddelen. Wolters, Groningen, 1919. BR 
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the cocain solution were in themselves indifferent to the nerve. 
This proved to be the case for 0.6°/, Ringer, for 0.9 °/, Ringer, 
for serum as well as for an emulsion of brain-substance. 
Experiment I. The liquid used was: 
0.2 c.c. hydrochloras cocain (5°/,) + & ec. 0.9 °/, Ringer’s fluid, 
i.e. a solution of '/, °/, cocain in 0.9°/, Ringer. 


We found: 
Accumulator 2 volts. 
Readingtaken ofthe 
Stimulation at: inductorium with Control (E”) 

stimulation at (Z’) 
3.00 h. 1.96 1.96 
3.02 1.96 1.96 
3.04 1.92 1.96 
3.06 1.92 1.96 
3.08 1.90 1.96° 
3.10 1.90 1.96 
3.12 1.88 1.96 
3.14 1.86 1.96 
3.16 1.86 1.96 
3.18 1.86 1.96 
3.20 1.86 1.96 
3.24 1.82 1.96 
3.26 1.82 en... 
3.28 1.80 1.96 
3.30 1.80 1.96 
3.32 1.78 1.96 
3.34 1.78 1.96 
3.36 1.74 1.96 
3.38 1.64 1.96 
3.40 1.40 1.96 
3.42 1.38 1.96 
3.44 1.34 1.96 
3.46 1:2 1.96 (muscle still 

responsive). 


No contraction at the strongest current. 


835 


Ihn 


Fig. 1. Apparaius after Zorn (borrowed from a communication by ZoRN). 

So it appeared that the nerve had become irresponsive after 48 
minutes by the effect of '/, °/, cocain solution. The process of the 
experiment will be seen from the curve in Fig. 2. 


Reading taken of the inductorium 


minutes 
Fig. 2. Effect of \/,%, hydrochloras cocain upon the nervus ischiadicus of a 
muscle-nerve preparation of Rana esculenta. 


Abcissa: Time in minutes. 
Ordinate: Stimulus required to make the muscle contract through indirect 


stimulation. 
The same experiment was repeated several times to the following 


effect: 
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Exp. 2. '/,°/, eocain solution nerve irresponsive after 43 min. 
EN ed e u 5 = Mae! 3 hi # 
et ae 5 £ r r „4 ,„ 
” 5. # ir ” 39 »’ 2) ” 43 „ 
 E. » „ „ Ede 
IR 5 % 7 ja Wo Er 
a a Pr Pr $ r = u 5 
ee er £ 2 = Be ge 
a a > « I ASCHN 


It follows, then, that on an average the nerve is irresponsive in 
!/,°/, eocain solution in 43 minutes. 

We now proceeded to ascertain the adsorbent power of human 
bloodserum. 

Exp. 11. The liquid consisted of: 0,1 cc. 5°/, cocain solution 
+ 1,9 ce. of. serum, i.e. a concentration of ‘/, °/, cocain in serum. 

In this case the muscle remained normally responsive for a whole 
hour, so that the effect of 5 mgr. cocain is eliminated by 2 ce. 
of human serum. The process of this experiment will be seen from 
the curve in Fig. 3. 


Reading taken of the inductorium 


j minutes 
Fig. 3. Effect of 1/,%/, cocain in human serum on the nervus ischiadieus 
of a muscle nerve preparation of Rana esculenta. 
After this Exp. 11 was repeated with dog’s serum. 
Exp. 12. The liquid used was 0.1 ce. 5°/, eocain +2 cc. of 
dog’s serum, that is about '/, °/, cocain in serum: (see table p. 837. 
Here also the inhibiting influence of the serum can be seen distinetly. 
A similar result was obtained in exp. 13 with cat’s serum and in 
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exp. 14 with rabbit’s serum. Hereafter we endeavoured to detach 
the cocain from the serum. To this end we used the liquid of 


exp. 12 and 13 to the following effeet: 
Th nn a ae ES Bug m en ee ren) 


"Simulation. | nduelerum (&) | Control (2 
4 1.9 1.9 
6 1.9 1.9 
: 1.9 1.9 
10 1.9 1.9 
12 1.9 1.9 
14 . 1.9 1.9 
16 1.9 1.9 
18 1.9 1.9 
20 1.9 1.9 

DE 1.9 1.9 
24 1.9 1.9 
26 1.9 1.9 
28 1.9 1:9 
30 1.86 1.9 
32 1.86 1.9 
34 1.86 1.9 
36 1.86 2 
38 1.86 17 
40 1.84 1 
42 1.84 1.9 
44 1.82 29 
46 1.8 = 
Fi 1.8 1.9 
>0 1.8 2 
" 1.8 1.9 
54 1.8 12° 
56 1.8 1.9 
58 1.8 1.9 
7 1.8 1.9 
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To 14 ce. of the liquid (serum + cocain) was added 1} times the 
volume of aleohol 96 °/, + 2 drops of HCL. This was centrifuga- 
lized and filtered, the filtrate was turbid. The precipitate was subse- 
quently washed with alcohol and part of the alcohol was evaporated 
down in vacuo, After this the solution was acidified and shaken out 
twiece with ether. The ether extract was then acidulated with '/,, 
N. HCL to get an aqueous cocain solution. This solution was again 
neutralized with bicarbonas natricus. With this liquid the experiment 
was repeated. 

Exp. 15. We used the liquid of exp. 12 after extracting it with 
alcohol, the amount of cocain was calculated at about '/, °/,. 


Stimulation after: eek Control (Z”) 
2 min. 1,96 1.96 
4 1.96 1.96 
6 1.9 1.96 
8 1.74 1.96 
10 1.68 1.96 
12 1.68 1.96 
14 1.68 1.96 
16 1.66 1.96 
18 1.6 1.96 
20 1.56 1.96 
22 1.52 1.96 
24 1.5 1.96 
26 1.4 1.96 
28 1.38 1.96 
30 1.32 1.96 
32 1.26 1.96 
34 12 1.96 
36 1.18 1.96 
38 1.1 1.96 
40 (no longer any 1.96 

contraction). 


So after 40 minutes the nerve was anaesthetie, from which it 
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appears that through the treatment with acid and alcohol all the 
cocain adsorbed by the serum was detached. (Normal value for 
‘/,*/, eocain is 43 minutes). 


Exp. 16. The liquid used is that of exp. 13 treated with alcohol 
and acid. Here also we found that after 40 minutes the muscle had 
lost its contractility, so that the result coineided with that of expe- 
riment 15. 

In the following experiments we used a stronger solution of cocain, 
viz. 2, 1, COcRin; 


Exp. 17. The liquid is 0.4 cc. 5°/, cocain —+ 4ce. Ringer 0.9 °/,, 
consequently '/, °/, cocain hydrochloricum. 


18 
6 


IR 


08 


Reading taken of the inductorium 


minutes 


Fig. 4. Effect of 1/,%/, cocain hydrochlorieum solution in Ringer’s fluid (0.6 %/,) on 
the nervus ischiadicus of a muscle nerve preparation of Rana esculenta. 


The result of this experiment is represented by the curve in Fig. 
4. After 28 minutes the nerve was irresponsive, while it appeared 
that, through stimulation with electrode E", the muscle itself had 
remained responsive. Two other experiments yielded the same 


results. - 
Exp. 18. Liquid '/,°/, cocain; nerve irresponsive after 30 min. 


Exp. 19. Liquid '/,°/, eocain; nerve irresponsive after 30 minutes. 
Average time in which the nerve becomes irresponsive with '/, °% 
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cocain: 29% min. When serum was added the adsorptive action 
revealed itself again distinetly. 

Exp. 20. 0.4 ce. 5°/, cocain + 4.5 ec. rabbit’s serum, which is 
equal to ca. '/,°/, eocain hydrochloricum in serum. 


Stimulation after: ae ag Control (E”) 
2 min. 1.8 1.8 
A 1.8 1.8 
6 1.8 1.8 
8 1.8 1.8 
10 1.8 1.8 
12 1.8 1.8 
14 1.8 1.8 
16 1.8 1.8 
1.8 1.8 

42 1.8 1.8 
44 1.78 1.8 
46 1.78 1.8 
48 1.78 1.8 
50 1.78 158 
52 1.78 1.8 
54 1.76 1.8 
56 1.76 1.8 
58 1.76 1.8 
60 1.76 1.8 


At wil be seen that we found distinet inhibition by serum also in 
this experiment, for after an hour the conductibility of the nerve 
had diminished only slightly._ 

This experiment was repeated (exp. 21), which again showed no 


anaesthesia of the nerve. Subsequently we inquired into the action 
of 1°/, cocain. 


Exp. 22. Liquid: 0.8 ee. 5°/, cocain solution + 4.22 cc. Ringer 
0.9°/, equal to 1 °/, cocain hydroehlorieum in Ringer’s solution. 
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Stimulation after: of Control 
2_min. 1.9 1.9 
4 1.9 1.9 
6 1.88 1.9 
8 1:84 1.9 
10 1.8 1.9 
12 1-7 1.9 
14 1.6 1.9 
16 1.4 1.9 
18 1.3 1.9 
20 1.2 1.9 
22 (irresponsive) 1.9 


Nerve does not respond any more after 22 min. 

Exp. 23 1°/, cocain irresponsive after 18 min. 

Eap. 24 ,„ = ” Su 22 ;, 

Exp. 25 ,„ e ne a en 

From which we see that after about 20 minutes the conductibility 
of the nerve is eliminated by 1°/, cocain hydrochlorieum. 

In experiment 26 and 27 we ascertained the influence of serum 
on the 1°/, cocain solution. 

Exp. 26. Liquid: 1°/, cocain hydrochloricum in rabbit’s serum: 


Stimulation after: not Control (Z”) 
2 1,8 1.8 
4 1.8 1.8 
6 1.78 1.8 
8 1.78 1.8 
10 1.74 1.8 
12 1.74 1.8 
14 1.74 1.8 
16 1.72 1.8 
18 1.66 1.8 
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(Table continued). 


Stimulation after: N, Control (E”) 
FEUER. 153 BEENEEEG SER. BERNER. REBBSBIGESEE ae, 
20 1.64 1.8 
22 1.6 1.8 
24 1.56 1.8 
26 1:9 1:8 
28 1.46 1.8 
30 1.4 1.8 
32 1.2 1.8 
34 1.16 1.8 
36 1.1 1.8 
38 _ 1.8 


After 38 minutes the nerve appears to be no longer responsive, 
so there must be distinet inhibition. 


Exp. 27. Liquid: 0.8 cc. 5°/, cocain solution + 4.2 cc. of cavia’s 
serum i.e. to 1°/, cocain hydrochloricum in cavia’s serum. 


! y . | Reading taken of Z 
Stimulation after: inductorium (E’) Control (EZ) 


2 2 1.9 
4 1.9 1x9 
6 1.9 1.9 
8 1.9 1.9 
10 1.9 1.9 
12 1.9 1.9 
14 1.9 1.9 
16 1.8 1.9 
18 1.8 1.9 
20 1.8 1.9 
22 1.76 1.9 
24 | 1.9 
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(Table continued). 
rn en 


Stimulating after: ee Control (E”) 
Te nn 
| 26 1.6 1.9 
28 1.52 1.9 
30 1.46 1.9 
32 1.4 1.9 
34 1.4 1.9 
36 1.34 1.9 
38 1.26 1.9 
40 1:2 1.9 
42 l 1.9 
44 = 


The result of this exp. is similar to that of exp. 26, viz. only 
after 44 minutes irresponsiveness of the nerve. 

The liquid of experiment 27 was treated with alcohol and acid 
as in experiment 15, and was used in ewperiment 28 (the cocain 
content was calculated at 1°/,). After 22 minutes the nerve was 
no longer responsive from which it appeared that (compare the 
results of experiments 23, 24, 25) through extraction with alcohol 
the cocain had been detached. 

We now considered the question whether the behaviour of brain- 
substance toward cocain is similar to that of serum. To 5 grms of 
rabbit’s brains was added 10 cc. of a 2°/, solution of cocain in 
Ringer 0.6 °/,. After standing for 30 minutes at room-temperature it 
was centrifugalized and the supernatant fluid was examined. A 
control experiment was made ou 5 grammes of brains and 10 ce. 
of Ringer without cocain. The latter liquid proved to be indifferent 
to the nerve. 

Exp. 29. Liquid: 5 grms of rabbit’s brain-substance and 10 cc. 
2°/, eocain; contains 1,33°°/, cocain (see Table Exp. 27). 

So it appears that after 50 min. the nerve has become anaesthetic. 
Since in the normal experiments with 1°/, cocain anaesthesia appears 
after 20 minutes, we must conelude that also brain-substance inhi- 


bits cocain. 
Exp. 30. Repetition of experiment 29 but with cat’s brains. 
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Stimulation after: ic FR Se 4 Control 
BEE BEER UEREEESERRRNGEESG ERREGER BB. VE ___ 

2 1.9 1.9 
4 1.9 1.9 
6 1.9 1.9 
8 1.9 149 
10 1.9 1.9 
12 1.9 1.9 
14 1.9 1.9 
16 1.8 1.9 
18 art 1.9 
20 1.7 1.9 
22 art 1.9 
24 1.7 1.9 
26 | 1.9 
28 1.7 1.9 
30 1 1.9 
32 3 1.9 
34 | 1.9 
36 1.6 1.9 
38 1.5 1.9 
40 1.5 1.9 
42 1.5 1.9 
44 1.4 1.9 
46 1.26 1.9 
48 1.2 1.9 
” r 1.9 
a = 1.9 
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Stimulation after: | Reading taken of Control 
Bean: 0 n_ , 

ar 1.8 1.8 
4 1.8 1.8 
6 1.8 1.8 

8 1.8 1.8 
10 1.8 1.8 
12 1.8 1.8 
14 1.8 1.8 
16 1.8 1.8 
18 1.8 1.8 
20 1.8 1.8 
22 17 1.8 
24 16 1.8 
26 1.5 1.8 
28 1.5 1.8 
30 ER 1.8 
32 1.4 1.8 
34 1.3 1.8 
36 1.3 1.8 
38 1.3 1.8 
40 1.3 1.8 
42 1.3 1.8 
44 143 1.8 
46 I 1.8 
48 1.3 18 
50 1.3 1.8 
52 1.2 1.8 
54 11 1.8 
55 m 1.8 


From which we see that the nerve is irresponsive after 55 minutes. 
Here then there is also adsorption. In order to prove that the cocain 
is not decomposed, but adsorbed physically, brain-substance and cocain 
is treated with alcohol and acid as in experiment 15. 
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Exp. 31. Liquid: brain-substance + cocain after treatment with 
hydrochlorie acid and alcohol, computed at 1 °/, cocain hydro- 
chloricum. 


a 


Stimulation after: en g Control 
ns 
2 1.8 1.8 
4 1.8 1.8 
6 1.7 1.8 
8 1.68 1.8 
10 1.6 1.8 
12 1.5 1.8 
14 1.44 1.8 
16 1.4 1.8 
18 1.4 1.8 
20 1.3 1.8 
22 4.1 1.8 
24 —_ 1.8 


Here, then, the cocain action manifests itself again, for the nerve 
is irresponsive after 24 minutes, so {hat no cocain has been decom- 
posed by the brain-substance. 

In order to show that from brain-substance, after extraction with 
hydrochlorie acid and alcohol, no materials are abstracted which, 
of themselves, are deleterious to the nerve, so that thereby in ex- 
periment 31 the cocain action might have been intensified, we under- 
took a control exp. 32, in which a liquid was added to the nerve 
that was. composed of 5 grms. of cat’s brains and 10 ce.c. RıngEr 
0.6 °/, and then extracted with hydrochlorie acid and alcohol. 
This liquid again proved to be indifferent to the nerve, because 
within an hour the responsiveness had not diminished. 

Exp. 33. This experiment is a repetition of exp. 31. 

Liquid: Cat’s brain-substance and cocain-solution equal to 1°,, 
eocain hydrochloricum. 

After 54 minutes the nerve is irresponsive, which again shows 
that the cocain action is inhibited by brain-substance. 

Exp. 34. The liquid of exp. 33 was again treated with alcohol 
and hydrochlorie acid. 
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Stimulation after: | Reading taken of Control 
ee 
2 min. 1.9 1.9 
a 1.8 1.9 
6 % 1.9 
8 1.68 1.9 
10 1.66 1.9 
12 1.64 1.9 
14 1.64 1.9 
16 1.62 1.9 
18 16 1.9 
20 1.56 1.9 
22 1.4 1.9 
24 1.2 1.9 
26 1.1 1.9 
28 = 1.9 


We see from this that the cocain has again been detached. Of 
the cocain thus obtained. Dr. Lw Hkux . determined the melting 
point, which was 96,6° (uncorrected), which again proves that the 
cocain has not been decomposed (not even partially), put that only 
a physical adsorption has taken place. (Normal melting point of 
cocain hydrochl. 98°). 

Since it had now become evident that brain-substance is capable 
of adsorbing cocain, we ascertained whether one of the familiar 
brain lipoids viz. lecithin '), could also exert this action. 

Exp. 35. Liquid: 1 ce. 5°,, leeithin solution +13 c.c. aqua 
distillata —+ 24 e.c. Rınser (1.2 °/,) without cocain. In this experi- 
ment the responsiveness of the nerve had hardly changed, from 
which we see that lecithin of itself does not injure the nerve. 


Exp. 36. 1 cc. 5°/, ‚lecithin solution + '/, cc. ag. dest. + 1 cc. 
5°), cocain + 2'/, ce. Ringer (1.2°/,), that is 1°/, eocain hydro- 
chloricum in 1°/, lecithin. 


!) The leeithin was supplied by Merck. 
56 
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ee. 


Stimulation after: Ey Control (E”) 
u EEE Se 
2 min. 1.9 1.9 
4 1.9 1.9 
6 1.9 1.9 
u 1.9 1.9 
10 1.9 1.9 
12 1.9 1.9 
14 1.9 1.9 
16 1.9 1.9 
18 1,9% 1.9 
20 1.9 1.9 
22 1.9 1.9 
24 1.9 1.9 
26 1.9 1.9 
28 1.9 1.9 
30 1.9 1.9 
32 1.9 1,9 
34 1.8 1.9 
36 1:32 1.9 
38 1.6 1.9 
40 18 1.9 
42 1.3 1.9 
44 1:12 1.9 
a0 z 1.9 


The nerve is irresponsive after 46 minutes. 

Exp. 36. Liquid: 3 ce. 2°/, leeithin and 2 ce. Ringer (1.8°/,) and 
1 ce. cocain solution 5°/, is equal to 0.83°/, cocain hydrochloricum 
in a 1°/, lecithin solution. 

Resnlt: After 62 minutes the nerve is still responsive. 

From experiments 35 and 36 it appears then that 50 mgrs of 
lecithin can inhibit the action of 50 mgrms of cocain considerably. 

Exp. 37. Here we examined the influence of an ether extract of 
dried cal’s brains. Of itself this extraet is indifferent to the nerve 
which after 60 minutes is still normally responsive. 


’ 
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Exp. 38. Liquid: 0.8 ce. 5°/, cocain solution and 4.2 ce. extract 
of dried cat’s brains, thus containing 1°/, cocain. 
a 


Stimulation after: | nen Control (Z”) 
2 min. 1.8 1.8 
4 gi _— 

46 1.8 1.8 
48 1 1.8 
50 17 1.8 
52 1.68 1.8 
54 1.6 1.8 
56 1.5 1.8 
58 1.42 1.8 
60 1.3 1.8 
62 1.1 1.8 
64 = 1.8 


Result: This extraet proves to possess distinet inhibiting power, 
since only after 64 minutes the nerve becomes irresponsive (normally 
after 22 minutes). 


CONCLUSIONS. 


1. Our experiments produced evidence for our assertion that the 
action of cocain can be considerably inhibited by the addition of: 

a. the serum of man, dog, rabbit and cavia; 

db. the brain-substance of rabbit and cat; 

c. ether-extract of dried cat’s brains; 

d. leecithin. 

Bıer’s and Sano’s experiments are hereby supported and extended. 

2. This inhibition of cocain, is not brought about by a chemical 
decomposition of the cocain but by a physical adsorption; for, 
through extraction with hydrochlorie acid and alcohol of a mixture 
with a reduced cocain action, all the cocain can be restored, which 
has still retained its activity. The melting point of this cocain also 
lies very near to normal values. 

3. Serum, brain-substanee and lecithin are of themselves not 
deleterious to the frog’s nerve, nor when these materials (in control 
experiments) were extracted with hydrochloric acid and alcohol. 
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Physics. — “The Contributions from the Polarization and Magne- 
tization Bleetrons to the Eleetric Current’. By Dr. A. D. FoKKER. 
(Communicated by Prof. H. A. LoRrENTZ). 


(Communicaled at the meeting of June 27, 1919). 


1. An important point in the theory of electrons is how to 
evaluate the electrie current proceeding from the electrons which 
in their movements are bound to the atoms of matter. We require 
it for establishing the equations of the electromagnetic field in 
ponderable matter, and we know that it is responsible for te effeets 
of polarization and magnetization. 

Consider a stream of moving neutral atoms, and imagine them as 
consisting of a positive nueleus and one accompanying electron. 
The heavy nuclei will contain the centres of mass of the atoms their 
motion therefore will be identified with the motion of matter in 
bulk. The accompanying electrons will move round the nuclei orin 
their immediate neighbourhood. Now the stream of positive nuclei 
will form an elecetrie current, and the stream of electrons of course 
will constitute another. For a great part these two currents will 
cancel one another, but not completely, as they would, if both 
motions were the same: the resulting current is clearly what arises 
from the intra-atomical motions of the bound electrons. 

Obviously we shall know this eurrent if, given the motion of a 
stream of partieles, we can find the variation effected by displacing 
them slightly from their tracks, for it is by such small displacements 
that the motion of the electrons may be found from the motions of 
the nuclei. Our problem thus presents itself as a variation problem. 

M. Born has told us‘) that the idea to put it thus is due to 
Hermann Minkowskı. He has developed it after Mınkowskı’s death 
and compared his deductions with Minkowskr’s posthumous notes. I 
venture to offer to the Academy a novel development of the same 
idea, which might elaim a great simplieity and might be more 
exact in some points. In addition, a new second order contribution 
of the bound electrons is arrived at, which has been neglected until 
now, so far as I know ($$ 9 and 11). 


\) H. Mınkowskı—M. Born, Eine Ableitung der Grundgleichungen für die 
elektromagnetischen Vorgänge in bewegten Körpern vom Standpunkte der 
Elektronentheorie, Math. Ann. 68, p. 526, 1910. 
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The Variativnal Displacements. 


2. We consider a field of streaming diserete partieles, the velo- 
eities being continuous functions of the ceoordinates and the time. 
We imagine a pieture in-a four-dimensional space-time-extension 
designing the motion-trails of the particles indieating their positions 
in successive instants. Now the displacements will consist of a shift 
in space and a shift in time, and we shall define these shifts with 
the aid of a field of a four-fold veetor r“, the components of which: 
rd, 22, r@, being space-components and r( being the time-compo- 
nent, will be continuous functions of the coordinates and time x“ 
(17... 

Mathematically, we define the shifts as the one-membered infini- 
tesimal transformation group determined by the functions r (a —=1..4), 
with parameter @: 


a 


dw° 

This will be clearer if we explain the nature of the r«. If tbe 
variational parameter increases by an amount d®, then the partieles 
are supposed as suffering an additional shift given by 

r-dO (a=1,2,3, 4), 

the values of r“ being taken such as they are in the momentary 
point-instant occupied by the partiele. Leaving out second order 
terms with #°, we at once see that the first approximation of the 
total shift will be 


4 
Asa Or +30 2% ()" ar, 
1 


Pe.) 
and proceeding to second order terms we obviously get 


() 
Das =.) 
() 


Az Or +19 2 (eo) 


Or« 
rı +2 Br en dy, 


#0rs 

en 

where now the values of r@ and their derivatives have been taken 
in the point-instants of the particle’s undisturbed motion. 


The Variation of ihe Stream. 


3. The following ceonception of the stream components will greatly 


facilitate our deductions. 
Let N, a continuous function of space-time-coordinates, represent 


3 


the density of the partieles’ distribution through space. At the instant 


1% 
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J 7 4 ( 
x, take an element of volume dV, situated at the point «U, =), 


x®, It will eontain NdV particles. We assume that NdV is still 
a great number, notwithstanding dV being physically infinitesimal. 
Now, in our four-dimensional pieture, consider the trails of these 
NdY partieles, run through during an interval of time dx*). These 
trails will cover an element of space-time-extension of magnitude 
dVdx®. In the direetion of the coordinate X“ the components will 
in the aggregate amount to 


NdVdxt. 


It will readily be seen that the streamcomponent in the direction 
of X«@ is the aggregate of the X “-components of the four-dimensional 
trails, run through by the particles per unit of volume per unit of time: 

N dV dx“ da 
dVdae) dei) 

We shall put w®, w®, w@®) for the components of the veloeity: 
daY/dad, da®D/da, da®/dx®9. The foarth component equals unity: 
we) — da /da(®, and accordingly the fonrth streameomponent Nil) 
is the number of particles per unit of volume. 

It is obvious that the equation of continuity must be satisfied by 
these streamcomponents: 


= Nws. (a—=1,2, 3,4). 


 ,..0Nwb 
2), = 
By the displacements the components will change to 
Nw@ — dNw@ + 4 d? Nws, 

where the first variation ONw@ is proportional to 6 and the second 
variation d’Nw“ will contain the second order terms with 6°. It 
may be antieipated that the first variation will account for by 
far the greater part of the effects of polarization, whereas the second 
variation mainly gives the effects of magnetization. 


4. We proceed to the evaluation of the jirst variation. Here we 
may consistently neglect 0°. 

The displacements will have changed the aggregate of the X«- 
components of the trails under consideration: each dx“ passes into 


0 
daa + 3 (b) SE div, 
dw 
so that the aggregate becomes 
Sg 
Nav en 
005 


On the other hand the four-dimensional extension covered by the 


853 


trails has changed too: we find its magnitude by the aid of the 
JacoBIAN determinant: 


(+ Az) lea + Acc) 
0w*- Rau 
- br b h) 
(dV da) — ERTEILEN) dV dei) 
00% 0x ; 
| or Ora 
it = en 
de 0% = ad 
= Orb Orb r Ord 


We must divide by this, and so when we follow the displacement, 
we may state a change of the streamcomponent into 


a b 
Nwe + A Ne =| Nur + >.(b) Nwb 05]. K — > (b) 055): 
dad 005 


But this is not the thing we want. This value is found in the 
point-instant «= + Ax“, after the displacement. We require the varia- 
tion of the stream which we get if we stick to one and the same 
point-instant x“ both when the particles are shifted and when they 
are not. It is clear that the shifted particles which will by the 
displacement get to our point, had their starting-points elsewhere, 
in a point-instant which may be found if in the formula for Axa 
we change @ into —®. 

So we have to correct the above expression by accounting for 
this different starting-point: instead of Nw“ we are to take 


hi) [ 
Nwe — 2 (b) 2 Orb, 
db 
and we get 


-9Nw* 
Nwe + dNw® = Nw' +2 (b) |- 3 


Orb Ira 
Orb? — Nwt 0 — + Nw 0 — |. 
0a’ 


ad RER 


Availing ourselves of the equation of continuity, we may put our 
result in the symmetrical form: 


0 
dNw—= 23 A [Or@ Nwb — Or? Nwe} . 
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This formula is also given by Born. It may be found, without 
deduction however, in a paper by LoRrENTZ '). 


5. The second variation is easily found, without caleulation, by 
submitting the first variation in turn to the operation which we had 
to apply to Nav" in order to find #.Niw“. So we get without diffieulty 


0 
0d.d Nw@ = 2 (b) Fr; {Ora dNwb — Or? dNw*,, 
2 


ER: 
2 [Orb Nwe-AreNw?]-Or> Fr [Or«Nw-OrNw] x. 
a x 


de Ne => ee Or 
0w () 
It is, however, important to remark that this formula implies the 
accurate definitions of the displacements as given in $ 2. This can 
be verified by a direct deduction, following throughout the same 
line of argument as in the case of the first variation. We may 
refrain from reprodueing the caleulus, but it will be good to point 
out, that one has to develop the Jacobian with the required exactness 
up to the terms with 6°, and, above all, that at the last step to be 
taken one has to be careful to choose the right starting-point from 
where the displacements will carry the particles to the point under 
consideration, viz., 


Ira 
wa — Or + 10° 3 (re —, 
dx° 


and not «— Axt, as we might be tempted to take. 
Next, we have to give an interpretation of our mathematical 
result in physical terms such as polarization and magnetization. 


The Simultaneous Displacements. 


6.1. Before turning to the physical interpretation we must look 
celoser into the nature of our displacement vector r@ and the under- 
Iying assumptions. 

We are to assume, that the trails of the electrons can be found 
from the trails of the nuclei with the aid of the vectors r@, in the 
indicated manner. First of all, we’have taken these to be continuous 
funetions of the coordinates. This implies that neighbouring atoms 
are supposed as having their electrons at similar distances in similar 
directions, the positions of the electrons relative to the nuclei varying but 
extremely slowly ‘from one atom to the next. Of course this will not 


ı) H. A Lorentz, Hanmtwron’s Principle in EInsTEin’s theory of Gravitation, 
Proc. R. Ac. of Amsterdam, 19, p. 751, 1915. 
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exactly or even nearly exactly correspond to reality. But we can 
commit no essential error by assumiug the atoms as behaving in 
such a continuous way. 

Secondly, we must observe, that the only reality we are concerned 
with is the aggregate of trails of nuclei and electrons, and that the 
choice of the vectors r* is entirely arbitrary provided they furnish 
us with the right motion of the electrons relative to the nuclei. 
Obviously the choice can be made in a great many different ways. 
Sometimes it will be suitable to choose the r@ such that the time- 
component r'*) vanishes in all points where matter is in a station- 
ary state. We need not specify a particular choice. 


6.2. As yet the displacements considered have been accompanied 
by a shift in time. In view of the physical interpretation of (he 
formulae obtained, it will however be necessary to realize the 
simultaneous positions of the electrons relative to the nuclei. 

Now, in a first approximation, we find the electron belonging to 
the nucleus, which at the instant x is in the point =), „9, a®), 
shifted to ihe point 

U) + Od, ad) + Or), 28) + Ir) 
at the instant 
2 + Or), 
Thus we see that its position at the time «(® will be given by 
DD +0, Ad + I, + 0, 
where 
o° — Ort —. wi Ir), 

For an obvious reason eg! —0. 

Next, to obtain the second approximation, consider the nucleus 
at the instant 


£ : or(4) en „99 
a4 — Or!) — > Of 0°? r° ra r(4) it 
when its coordinates are 
ort) Or(4) ] dıwa 
DS NN 1C —_- gne A? L 2 „(4 4), 
za — wa Or(d) — we I (c) | O’r ee 0°r%) Be + eg r(&) r(4) 


This line implies the preceding as a special case, for «= 4. 
Tben the displacements of the electron will be 


ee Zain 
A (ec) r Pl (ec) we r u 


so that its actual position will be given by 


za + Orr — w Or!) + % a rd rd + 2 (c) I [e) 5 — w =) 
Or® ar OIrl4) 
— U? p(4) we Be w ) 


Taking a—=4, this formula yields the instant 9, for vd —1, 
and all terms vanish except the first. 
So we see that fora = 1,2, 3 it gives the simultaneous displacements. 
We can simplify considerably. Writing 
d 


0) 
= (c) w° “yRr pre ERENi 


0 0 
ac — 5 A ze 
> (c) Or Si (co 22 + Or FAT 


we get for the simullaneous displacements: 


a 


we 7) 
ı e — 6.2 
= |+120 Se 


do“ 
a nal 1 4 a c 
sg LOr IE 2% 
For <=4 we have sSV=(. 


6.3. Let us inquire what will be the polarization of matter, viz. 
the electrical moment per unit of volume. The electrical moment of 
one atom being es“, where e is the charge ofan electron, the answer 
is, in a first approximation, that the polarization has components 

Nest‘, (eV 23,8]. 

Proceeding more carefully, we must take some closed surface, 
a sphere, say, sum up the electrical moments of the atoms within 
and divide by the volume. But what about the border atoms, which 
are intersected by the sphere? Must we leave them out, or must we 
reckon them as Iying within the sphere? The difference will be of 
second order only, but it does make a difference. 

A similar question has been raised by Lorentz in his Theory of 
Eleetrons (note 53). Lorkntz decides himself to leave out the inter- 
sected atoms, and this is certainly right when we restriet ourselves 
to the first order terms, neglecting 6°. But here we retain 6°. 
Fortunately, our caleulus leads us to the answer: it will show a 
correction to be made to the same effect as establishing the rule: 
the atoms are to be reckoned as Iying within the surface, whenever 
more, than half of the line joining nucleus and electron lies 
within the surface. This is a quite satisfactory rule. 

Thus the polarization is: 

0 Nesas 
ae 
6.4. The magnetic momentum of an atom has the components 


Nese — I (e) , (6.3) 


1 dsb ds“ 
ze es N , 
2c da‘®) da) 


Hence the components of the magnetization are 


. ds® Is« 
cmd —YNe|s Ä sb Er 5 (6.4) 
dıx'4) da% 


It is possible this ought to be correeted in the same way as shown 
for the polarization. The correction, however would be of the third 
order and contain 0°; and this we drop throughout our investigation. 

For this same reason we are justified in replaeing s* by oe“ in the 
expression for the ınagnetization. 


Interpreiation of the Variation of the Stream. 


7. If e be the charge carried by an electron, then the current 
carried by the electrons is 
eNw@e +edNwt +4e®Nw, (a= 1,2, 3, 4). 
Adding the current carried by the nuclei, viz. —eNw“, we get 
for the resulting current: 
ed Nw“ + Led’ Nwse, 
Our results indicate that this can be written as a divergencey of 


a skew-symmetrical tensor 7’«b: 
oTab 


ed Nw +4ed’Nw= 2 (b) Sa 
nn 
where 7«3 is givan by 


(r? Nw—rc Nw?) — 


0) 
Tab — e6(rt Nw®—rb Nw“) + 4 ed? re I (ce) ER 


—rı > Be (rt Nw— r° Nu“) , 
ow° 
and 
Teb — — Ta, 


We shall see what this tensor contains. First writing 
T« 


e 


— (0Nwb — g°Nwe) + 
() 
+ 1 Ordwe & = (0? Nwe — g° Nuwb) — 4 Or) wP & Fe (0° Nw— g° Nw*) + 
w° f 


0 I 9b > 0 a e Nava 
Be lol, Nun N) 4 0 one — € we), 


we can arrange terms in such a way as to get 


dur | ae dp _0Neg“o° 

Tas ZunNe| 0-40 Pe Fu ==. 9° Bl +48 0° = |- 1w3 Bee 
do» Iwb do® oNeoPe*® 

% en] er e er ea 


dw du 077) do“ 
aN_' oc N 3 EN D>w Be N. „C 3 
— 4 Neo" &g pr +4Neo’ &o9 RR + 4 Ne| o* ge o!&w a 


We recognize the simultaneous displacements (6.2), and find 


0 Nes@s® a 


RE a 
Nes a» da: 


Tab — ad 


Ow° 


u |Nei 2 


[ 
wm 


f $ Owb \ Ned dt N „ge " ds“ ) 
et a Grm 4 c — e 
eier 5 dw‘ ee s dw 1 e ri) dr!) 


8. Taking 5=4, some terms vanish, and we get 
0 Nesase 
Om 


Remembering what has been found about the polarization in 
(6.3), we at once see that T’“*(a=1, 2,3) are the components oJ 
the polarization. Thus the polarization is no 4-dimensional vector: 
its components are the space-time-components of a tensor. 

When neither a nor 5b have the value 4, then the part of 7’«b 
containing the. polarization: 


Ta — Ne —} 2 (eo) 


> N es? s® 
dxr° 


is nothing else but a component of the well known RÖNTGEN-vector, 
which in three-dimensional analysis is written [p.w], where p and 
ware the three-dimensional polarization and velocity vectors. We see 
that in our tensor the components of polarization are always accom- 
panied by the components of the corresponding RÖNTGEN-vector. 


Nes —} 


9. In another part of T® (a4, b£4), viz. 


dsd ds 
cmed — } Ne| s« sd : ‘ 
da'® dx®) 


we recognize the components of magnetization. 
The remaining part however: 


— $ Nest I (ce) se 


indicates the existence of a new effect. It is of the second order and 
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therefore has been neglected by Lorkntz'‘) and by CunninGHam ?). 
Born does not separate it from the magnetization. But we can 
imagine an experiment (see below) where this effect will manifest 
itself apart from magnetism. So we shall keep these terms apart. 
Here the quadratie electrie moments of the atoms appear: 
esa sb, 
the same quantities which occur in recent papers of Drsise and 
Hor,TsmaRK on the broadening of spectral lines from luminous gases 
under increased pressures.°) Half the sum of these quantities per 
unit of volume we shall’ call the electrical extension of matter, unless 
a better name be proposed. If an atom contains more than one 
electron, then we can have an electrical extension without polari- 
zation. We denote it by 
Kab — } Nese sb. 
and the corresponding part of the tensor can be written 
Iwb dw" 


kab — — 3 Keec Kve 
( dx dw 


10. In order to review the results reached thus far, let us gather 
them in a scheme, and let us for convenience’ sake use rectangular 
coordinates «,%,2; t for the time, and three-dimensional notations for 
the (three-dimensional) vectors of polarization, magnetization, and velo- 
ety: p,m(m,—=m?*, etc.) and w. In addition, write ’K for the 
three-dimensional extension lensor, and for the new vector K: 

k=—[(’K.V).w], 


where (*K.Y) is an operator having vector properties. Thus K, = 
k”, etc. Then the contents of the tensor 7’ are: 


—L . 
\ cm + k: + [p.w]z - emy — ky — [p.w]y Ps 
a 5 
-cmz — kz — [p-w|: ; cmz + kx + DALE Py- 
Teb; 
emy 4 k,+ [p-w], -cmx: — kxz — [P-W x Pz 


ze) ==Py® =D 
Applying the formula for the current from the bound electrons: 


1) Encyclopaedie der Mathem. Wissenschaften. 
3) The Prineiple of Relativity, Camb. Univ. Press. 
3) P. Depyz, Das molekulare elektrische Feld in Gasen, Phys. Ztschr. 20, 
p- 160, 1919. 
J. Houtsmark, Ueber die Verbreiterung von Spektrallinien, ib. p. 162. 
See also P. Desise, Die Van ver Waaısschen Kohäsionskräfte, Phys. Zschr. 


21, p. 178, 1920. 
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oTab 

due’ 

and putting it in the right hand members of the equations of the 
field, we get for the fundamental equations for moving non-conduet- 
ing media, in three-dimensional vector nolation: 


= (b) 


I: 1 l 17 
rtB—- -E=rom-+-rotk+-rol[lpw]) + -Pp; 
c G 6 C 
and 
divE = — div p. 
These are LorExTz’ equations with the addition of rotk to the 
eurrent. We see a polarization current p, a RÖNTGENcurrent rot [p.w] 
and the current of magnetization rot cm. 


A proposed Eixperiment. 


11. Let us inquire further into the nature of the second order 

current 

rot K, 
Referring to the definition: 
k= — [(K.V):w], 

we see that it isan effect due to the non-uniformity of motion in matter 
where the atomical charges lie outside one another. If these charges 
had fixed positions, i.e. if the eleetrons were rigidly fixed between 
the nuclei and if they therefore could be said to have exactly the 
motion of matter in bulk (i.e. of the nuclei, or rather motions inter- 
polated between the nuclei) then our ealeulus indicates, that there 
would be no current resulting from the charges: the streams of 
positive and negative particles cancelling each other. 

But in this case, the motion of matter being non-uniform, the 
electrons elearly would turn round. 'the nuclei in an absolute sense, 
and the atoms would have a magnetic momentum. It is the part of 
k to counterbalance this slight magnetization, it then equals cm with 
opposite sign. 

On the other hand, in case the electrons, instead of being rigidly 
fixed in the frame of the nuclei, always kept the same distance and 
in the same direction from the nuclei, not turning round in the 
rotating motion of matter, then k comes into play, not being balanced 
by a slight magnetization; so an induetion field will be produced. 

It should be possible to keep Ihe electrons in the same direction 
from the nuclei by applying an electric field and maintaining & 
constant polarization. A rotatory motion then should produce an 
induction. We must be careful, however, to separate this from the 
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Rönreen-effect, by eliminating the latter. This might be done in the 
following way: 

Take a sphere of insulating material, which is mounted to perform 
rotatory oseillations “round a vertical axis. Surround its equator by 
a circuit fixed in space. Apply an electric field of eönstant horizontal 
direction, and the oseillations of the sphere must induce an oseilla- 
ting current in the eireuit. 

The effect will be small, but it should be detectable with the aid 
of the modern detectors of radiotelegraphy. It will be proportional 
to the square of the electric field applied. 

It might be pointed out that a comparison of the effect with the 
produced polarization, would provide us with means to determine 
the number of electrons per atom, which are involved in the pola- 
rization, because, for a given polarization, the displacement 8 of the 
electrons is inversely proportional to the number n of displaced 
electrons per atom, and so the effect of K per electron is inversely 
to n?. Materials with the same di-elecetrie constant should show the 
effect to a degree inversely proportional to the number of polarizing 
electrons per atom. 


Spontaneous Electric Polarization of Moving Magnets. 


12. Though we have used in the title of this paper tne deno- 
minations “Polarization and Magnetization Electrons”, yet it is well 
known that it is impossible to make a rigorous distinetion between 
the two. For even though there may be in some cases electrons 
which only produce polarization and no magnetization, there can 
be no eleetron which gives rise to a magnetizalion and never 
produces polarization. 

In fact, whenever magnetized matter moves in a direction per- 
pendieular to the magnetization, then it shows a polarization at right 
angles both to magnetization and motion. 

The explanation runs as follows. A magnetic atom contains elec- 
trons sweeping round the nucleus, in circles, say, with uniform 
velocity, under the actions of eleetromagnetic forces. When the atom 
acquires a motion in the plane of the circling electrons, then the 
forces are modified in a way given by the. theory of electrons and 
of relativity. The effect of this alteration of the forces will be that 
the orbit is no longer a eircle, and becomes an ellipse, and that 
the veloeity changes in such a way that the eleetrons during a 
longer time stay in one part of the ellipse near an end of the long 
axis (han in the other. This clearly results into a polarization. 
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We shall call this the polarization of moving magnetism. It explains 
why no current is set up in a moving magnet on account of a 
motion perpendieular to its own internal induction field, so that 
with sliding contacts no current can be taken off. Thus, e. g., if we 
take a circular spring, the two ends pressing together, we can put 
a long magnet into it. Suppose that we can draw the magnet across 
the ring, the ends of the spring giving way and making a sliding 
contact: there will arise no current in the ring if we do it. 

Again, this polarization is responsible for the electric force set 
up in a homogeneous magnetic field if the magnets producing the 
latter acquire a uniform motion at right angles to the field. The 
magnetic field may remain stationary and homogeneous: neverthe- 
less an electrie force will be induced by the motion of the magnets. 

Afterwards these problems will be treated more adequately when 
we shall have explained the character of our deductions from the 
relativity point of view (see below $ 20). 

Then we shall also define a distinetion between the di-electric pola- 
rization which .is independent in itself, and the polarization of moving 
magnetism. 


The Invariancy of the Results. 


13. Thus far we did not want to refer to a single theorem of 
the theory of relativity to deduce our results. Nevertheless they 
possess the property of complete invariancey, not only in Eınstkin- 
Mınkowskı’s theory of restrieted relativity, but also in Eınsteın’s 
theory of general relativity. We proceed to show this. 

This theory ascribes to a four-dimensional track the length ds: 

ds’ — 2 (ab) gas dw dab, 
if da (a=1..+) define the increments of the coordinates and time. 
The determinant of the gu, is called g, and its minors divided by 
g are denoted g@. 
What is the character of Nw«? Remembering the definition ($ 3) 
Nu VON AV dar 

vg9dV da 
we notice that N dV is a number, dx“ is a contravariant veetor 
and V’gdV dx“ constitutes a scalar. Thus Nw« is a contravariant 
vector multiplied by Y‘g. 

Or® is a contravariant vector too, and so 

Or@ Nw® — Orb Nwa 
is an skew-symmetrical contravariant tensor, multiplied by Y’g. (This 
is sometimes called a volume-tensor or a tensor-density, after Wrrr,) 
Then we know that 
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0 
dNw— 3 Ude Nwd — Orb d Nu! 
& 


is the contravariant vector-divergeney of this tensor, multiplied by 
Yg, and thus of the same nature as Nws itself. 
In like manner the second variation 


0) 
d’ Nw= 2 (b) I [Ara dNw? — Ar dNw«! 
Ri 


is a contravariant vector multiplied by Yg again. 

It follows that our results are in complete accordance with relativity 
theory in the most general sense, and we are justified in applying any 
theorem of that theory. 

Having thus recognized the true character of our tensor, we shall 
henceforth write VYg 7 instead of 7 

vg Te — eGr« Nwb — edrd Nwe +} e6r« d Nwb — Or? d Nws'. 

This will cause no confusion. 

We must further keep in mind that 0“ is no four-dimensional vector, 
but w@ da®/ds is. We shall not introduce a new notation for this 
velocity vector. 


The General Covariant Equations for the. Field. 


14. The eovariant tensor of the field can be written as the rotation 
of the potential vector Ya: 


Op Opa 
dh — : ö = 17 2,3,45 a7 N 14,1 
(a ) (14.1) 


From these we get the contravariant components: 
je Ze >> (cd) GEL god fedı 
and the fundamental equations of the theory of electrons are 


0) 
EZ War) = eu. (14.2) 


where o is the density of the electric charges, and gv“ is a contra- 
variant vector multiplied by Wg. 

From the relations (14.1) arises another equation. Multiply by 
the contravariant fourth rank tensor Zdebed\/g, and contract twice. 
Here dabed js 1 whenever the, figures abed constitute an even permu- 
tation of 1234, and in other cases vanishes. Then we get the conjugate 


tensor fg"): 


3 EN N abcd 
a2 u (cd) 9 v9 d Ted: 
!) In order to get the covariant conjugate tensor components f*an from the 
contravariant fed, multiply in the same way by the covariant tensor 
UV g Iavcd - Sabed = dabed), 
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If now we write 
ß) 
2, VN) = 
0x» 


this must be an identity in virtue of (14.1). 
The Mınkowskian force acting on a moving charge e has (he 
covariant components: 


da 
ia sen (b) Rn wd fab- 


These equations are supposed to hold within the finest structure 
of matter. 

To obtain the equations of matter in bulk, we take the mean 
over a small region, containing a great many atoms. We define 


[Fa V 9 da) .. de) PORGER [SF Vg de. & 
SVgdad..dad '’ TS VgÄ).. dat) 
It is readily seen thai still Bei De ge 

The mean of the convection current g_v“, as produced by the 
bound eleetrons, we have just found, and so the equations for non- 


conducting matter are: 


Pi 


2.0) —, zZ Fa) — & op - (vg Teb), (14.41) 


In conducting a the current he the conduction electrons 
vgl“ must be added in the right hand member. 
The other equations become 


0 
2) (we re)=0 (14.42) 


Now, we could try a solution Fe? — Tab, and add a solution 
Ee«b of the equations 


f) 
20 SUR De (14.51) 
and 
0) 
> or Ve Ed=— El) WITT), (1452) 


Mandl En the conjugate tensors of E« and Te. Then 
Fab — Tab + FE«b 

is a solution of equations (14.41) and (14.42). We shall call Tab 

the internal, and EZ the external field. 


Separation of the Polarization and the Magnetization Tensor. 


41941, lt has been remarked, that in our tensor VgTe the 
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polarization and magnetization are intimately interwoven. Indeed, it 
is not always easy to separate them. 

We shall assume that our system of reference is such that Gas 
vanishes for «—=1,2,3. This means, that in our system of reference 
the velocity of beams of light in opposite direetions is the same. 
This also implies that whenever the first three contravariant 
components of velocity vanish, also the first three covariant components 
vanish. 

Then we may in stationary points of matter (or in an arbitrary 
point after changing variables in a way that renders it stationary) 
separate 7’ into two tensors, one consisting of the (a4)-components, 
the other components vanishing, and vice versa. These teusors we 
may call the polarization and magnetization tensors. It should be 
understood, that a change of variables, or a motion of matter, cannot 
leave half of the components zero, as they are in stationary points: 
the magnetization tensor, e.g., completes itself with polarization 
components. 

Write „ZT for 7’« in a stationary point, and separate: 

‚Tab — Mab + Pab, 


so that 
lan li 0 
„Me (—) ‚T® IR kon, 
T®! T°: 
o 0 
0 0 0 
and 
1) 0) la 
„pe (==) 0 0 ‚Ta 
0 0 r 
p! Fo Mi Bee 
ni 


We could have taken the covariant components of the tensor 
T,, and the separation would have had the same effect. This is 
due to the fact that g.. vanishes for a—1,2,3. 1If’this is not the 
case, then we have first to change variables to make them vanish 
and afterwards ınake the separation. 


15.2. We shall now brietly indicate what becomes of the constitutive 
relations between polarization and electric force, magnetization and 
magnetic force, and between the conduction current and electric 
force. We proceed in a quite formal way. 

First, to find the generalization of the equation P= (e—1)E, we 


form from the field-tensor a force-vector F® : 
57* 
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dad 
Fa— 3 (b) == w, Feb, 
Ss 


and from the polarization tensor we form a vector Pe: 
da‘4) 
ds 
and the required generalization will be 
Pa —= — (e—1) Fü, 
Secondly, to generalize the relation B=H, or rather 


Pe= > (b) wy Peb, 


u—1 
u 


we proceed in a similar manner. From the conjugate field tensor 
we form a vector Ga: 


M = 


B, 


d.a4) 
ib) Fxabs 
ds 


G—= X (b) 


and from the conjugate magnetization tensor a vector Qa: 
d.x(®) 
Qu El) wb Mast, 
ds 
The generalized relation is 


— 


1—| 
en Ga. 


u 
The current of the free electrons is partly a convection current, 
partly a conduction current. The latter will be the component of the 
four-dimensional vector-density Yg/“ in a direction perpendieular to 
the four-dimensional velocity vector. The conduction vector thus is: 


Zr 


ee | >. fb) a Te 
8 


This can be put otherwise, if we first form a skew-symmetrical 
tensor ; 


d.ıx(4) 
rab EEE [Ta wb — IP wa} 
ds 


and afterwards from this tensor form a vector again: 
Ja— N Ber Ieb, 
ds 
The equation for the conduetion eurrent must be 
Ja=—\Rra, 
We notice that in the common equation J=0E, o—yg. 


16.1. Now take the contravariant tensor Pa and form its COn- 
Jugate: 
Pa (cd) & V 9 dabea Pod. 
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then we get the conjugate tensor with ceovariant components 
ER a ET 
ad ee A ae 
Pas (=) VgP* —yvogP VoP” 
ER VyP** —VgP* —YVgP' 
By multiplying by the velocity vector and contracting, 
dx) 
ds 
we get a vector. This vector elearly vanishes in a stationary point, 
because w), 09, w@), and „Ps. vanish, and it therefore always 
vanishes. Thus we conclude that we shall always have 
(=wdı gP* —uw@)yVgP*" + yVgP*”, (16.1) 
and similar relations for eyelie permutations of the figures 123. It 
is thus confirmed that where YgP“ (a=1,2,3) are polarization 
components, the other components of this tensor consist of compo- 
nents of the corresponding RÖöNTGEnN-vector. 


= (b) —— wPPraös 


16.2. Apply a similar reasoning to tlıe magnetization tensor. 
Multiply by the velocity vector and contract: 


| da(®) di ®) 
ba. ur Ma >(h) en. Ma, 
ds ds 


This will be a veetor vanishing in stationary points, since w,, w,, 
w,, and „M“* vanish. Therefore it will always vanish, and we 
shall have 

0=u, ME wM” uw M", (eye. 123). (16.2) 

Here we meet the polarization of moving magnetism, V 9M“, in terms 
of Me, We know from $$ 8, 9 that WgM«> must contain, besides 
the components of the magnetization and of %@, the components of 
the RÖNTGEN-vector corresponding to the polarization of moving mag- 
netism also. 

This will afford us means completely to express the polarization 
of moving magnetism in terms of {he magnetization and k of moving 
matter ($ 19). 


Comparison with Other Theories. 


17. .In constructing the polarization tensor Einstein, following 
Mınkowsk1, starts from the vector P« defined in $15.2, and he puts 
for his tensor ') 


ı) Die formale Grundlage der allgemeinen Relativitätstheorie, Berl. Sitz, 41, 
p. 1065, 1914. 
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da'% 

ds 

In order to show that this is the same as our tensor Pe, take 
a special case, a=1, b=2 e.g., and write in full 


da 


| Pa wd — Pi wel. 


re = | w2) (w, P" + w, P!’ + w, P'*) — 


— ul) (w, Pr +w, Par be 2}. 


We can rearrange: 
\ dır'4) 
Br | ds. 


P’(wOw, + ww, + ww, -H wY) w,) + 


+ w, (w) P%*? 4 wi) P!? + wi8) PP) +w, (wi) Pu) PM +ul4) P°})}, 


and now we remark that the latter two bracket forms vanish in 
virtue of (16.1), for 
da) 
ds 
dx) 


(wit) PP? + w@) P!’ + w@) P')) = 


= 
ya (wV Pr, + u® Pu, + u Pu.) =. 
As 
dax(4))? 


ds 
the required identity is shown to exist. 


In the same way it can be shown that the magnetization tensor 
or rather its conjugate in the form 


Zum —1. 


da 
—— Qa wb — 0 wa} 


agrees with our Mkas- 


- 


18. Let us make the simplifying assumption of the absence of 
gravitation. Then the 9. and g@ have the values: 


—1 00% —1 0 00 
0—1 00 NEN 

Yab (=) 07 oz en a er 
0 9,909. 0, 30, Vzzrle: 


If A and 9 denote the common vector and scalar potentials, then 


the components 9, are A,, A,, A, and —cy. The components of 
the field are 


') In order to avoid imaginaries, we shall everywhere in Y’g take |g]. 


B — By cEx 
= B: B. cEy ’ 
Fab =) B, — Bı «Ez 
—cEr — cEy — cE; 
B — B, — Er/e 
Te B: B: ze Ey/e 
2 (=) 1177 ==B — Ez/ec 
E./c Ey/e E;/c 


The equations for the field are (14.41) 


0) 0 
5 Vo Fo) = 26) Wo Pat Vo Me), 


3(b) 


and we have, if P is the prineipal di-eleetrie polarization : 


[Pw]z — [Pw], Pz 

le [Pw]. [Pwla By 

[Pw], — [Pw]z P: 

— P: — Py — P: 
and 
em+k>+[n.w];z —emy—ky—[n.w]y 
VoMas-) — cm; —k:—[n.w]z cmzx+Kı+[n.w]x 
cmy+k,+[n.w], —emı—k—[n.Ww|. 
—Dg —Dy —z 


(18.1) 


(18.2) 


where n denotes the (electric) polarization of moving magnetism. 


For the conjugate tensor of the field we have 


E, — E, Br /e 
A Er B,/c 
ee Eu Y 

— B,/e —By/le — B;/e 

We see that the equations (14.42) amount to 

croE + B—0, 
dwvB=0, 
From the equations of the field we see that 
dvE—= — div (P + n), 


and 


crot B—- E— rot (om +k+ [mw] + [P.w)) + [P + nl. 


(18.31) 
(18.32) 


(18.41) 


(18.42) 


These are the equations we have met in $10. Only we had not 


yet separated p=P-+n there. 
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19. Let us solve n in terms of mandk. Referring to the equation 
of $ 16.2 we must notice that 
—) BA a 8 
ww = ZNG Ds, = — Wy w = — Wa w—g,Ww)=d, 


and we ae 


®n—Wy(em: +k:+ In. w]:) — wz (em, + ky + In. w]y) 


or 
en—=[w.(m+k+[n.w])]. (19.1) 
From this it is easily seen that 
a.wW)=I, 
and as | 
[w.[n.wW]]=wn—w(n.w), 
we get 
[w. (em + kl. (cm + k) Ye, 
n=ygM'— (19.2) 
Tao 
and 


Vom“ Mk; + k: w. (w.(em-+.k)) 


wase ie en =) 
ce” 0a 


In this form our result for the magnetization tensor can be readily 
compared with the corresponding formulae of Born '). He also points 
out the existence of the vecetor n and states that it is the magnetic 
analogon to the Rönreen-vector. We see that the factor 1/(1—w*/c?) 
disturbs the analogy. The difference in the appreciation of the result 
is this that Born (apart from not separating k) takes the whole of 
the components VgM?, VgM°' and VgMT* to be the components of 
magnetization and seems not to have become aware of the fact that 
they contain the RÖNTGEN-vector components belonging to n as well 
as the magnetization components proper. 

Born emphasizes the complete symmetry of his eleetrie and mag- 
netic equations and certainly one can enjoy the mathematical beauty 
of the formulae thus written. It would, however, be erreneous to 
believe that the difference from LoRENTz’ equations is more than a 
difference in form. Our investigation shows that the physical contents 


of Born’s equations is no other than what has been expressed by 
LoRENTZ. 


a.5.0. (19.3) 


Action of Polarization of Moving Magnetism. 


20. Let us illustrate some effects of n by considering a long 


1) l.c. form. 39 and 39, pp. 546 and 547. 
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magnet moving. at right angles to its magnetization. We shall follow 
the distinetion of “internal” and “external” field at the end of $14. 
The effect of this electric polarization n, called into existence by 


the motion of magnetized matter, is to produce an internal electric 
field (18.41): 


Br, 


This could be expected to act on free eleetrons, present in the 
magnet, and cause a conduction current. But these eleetrons are 
carried along with matter and therefore are moving with velocity 
w through the internal magnetic field where the induetion vector 
is (see $ 18.42): 

B=cm+k-+[n.w] 
and, where the external field may be neglected '), ihey consequently 
are subjected to the Newronian force 


e(E+ = [w.B]). 


This expression vanishes according to the formulae of $$ 16.2 and 
19, so that the free electrons moving along with ihe magnet are 
not driven sideways. 

-Therefore it is impossible with sliding contacts at the magnet’s 
sides to get a current from it, and the experiment with the long 
magnet drawn across a circular spring is explained. ($ 12). 

On the other hand, if we cut the magnet at right angles to the 
magnetization, and take out an infinitely thin lamella, so that a 
thin wire might be kept in the same place while the magnet is 
 drawn across, then the “external” field in this split will simply be‘ 
the continuation of the internal field. and the free electrons in the 
wire, not sharing the motion of the magnet, will be subjected to 
the eleetrie force E only, so that an induection current will be set 
up-in the wire. 

Thus we see that it is the polarization of moving magnetism that 
accounts for the inductive force, when a magnetic pole moves 
across a wire, in a case where the magnetic-field ıs homogeneous and 
stationarı). 


Conclusive Remarks. 


91. In concelusion we may remark that the result of the first 
variation is wholly incorporated in the polarization tensor. The 


1) Suppose the magnetization as being homogeneous, and the free poles of the 
magnet as being at infinite distance. 
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greater part of the result of the second variation is represented in 
the magnetization tensor. 
Consider once more the complete polarization (6.3 and 6.2): 
ne|e— 1 Ar 0 > +4 20° | } ne 
: da) dm) UNS de 
Here Neo® is the term, by far the most important, which results 
from the first variation. It is diffieult to tell in a few words, which 
part from the second order terms is exactly the polarization of moving 
magnetism. If the r@ are so chosen that '* vanishes in stationary 
points, then we can say that tlıe greater part of 
4 Ne Zoe x 3 Ehe 


we dw 


==} 0N.ep8. 


figures in the polarization tensor. A small fraction of it (in as much 
as dN is no scalar) appears, however, in the magnetization tensor, 
together with 

do“ Oww« 

4 Nena) Inge 

da% or. 
as the polarization of moving magnetism. But we refrain from 
entering into detail here. 


Mathematics. — “Ueber die Zerlegungsgesetze für die Primideale 
eines beliebigen algebraischen Zahlkörpers im Körper der 
I".ten Einheitswurzeln.” By Dr. N. G. W. H. Bascer. (Com- 
municated by Prof. W. Kaprern). 


(Communicated at the meeting of March 20, 1920). 


Im letzten Hefte der “Mathematischen Zeitschrift” ') hat Herr T. 
Rerta die Zerlegungsgesetze für die Primideale eines beliebigen 
algebraischen Zahlkörpers im Körper der /-ten Einheitswurzeln 
dargestellt. / war dabei eine Primzahl. Im Folgenden werde ich 
zeigen dasz seine Methoden auch in dem Falle benutzt werden 
können wenn man statt des letztgenannten Körpers, den Körper 
der /-ten Einheitswurzeln nimmt. Man musz dann seinen Betrach- 


tungen einige hinzufügen. 
2rı 


Es sei / eine ungerade Primzahl; S= e "; kein Körper der mit 
k(&) einen, Unterkörper vom Grade ım= alt="! gemein hat, wo a 
ein Teiler von —1 bedeutet. Der aus k und X ($) zusammengesetzte 


Körper (k, 5) ist vom Relativgrad ? über k und relativ-zyklisch. Wir 
Mm 


setzen zur Abkürzung p statt y(l%). In (k,&) gelten folgende Zerle- 
gungsgesetze: 

1. Ist p eine von / verschiedene Primzahl, » ein in p aufgehendes 
Primideal von k von Grade f. Gehört p (mod !*) zum Exponenten /, 
und ist /f’ das kleinste gemeinschaftliche Vielfache von / und f, 
so zerfällt p in (A,5) in 2’ Primideale vom Relativgrade /’, wenn 


ar flf, 
m 

%. Ist I ein in / aufgehendes Primideal von & von Grade f 
und /= la, (,)=1; d der gröszte gemeinschaftliche Teiler von 
e und p(I%-%), n die gröszte ganze Zahl für welche eine Kongruenz 

— = or (mod let!) 

besteht, wobei « eine ganze Zahl von % bedeutet; d, der gröszte 
gemeinschaftliche Teiler von n und pl"), so ist m ein Teiler 


1) Band 5. S. 11. 
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. . | a a LA 
von d, und d, ein Teiler von d. Setzt man d— fd, = fiz!m 8 


gilt in (4,5) die Zerlegung: 


? 
= 3 
Be FL Nie 
Der Beweis für 1. ist derselbe wie für den Satz. 1. des Herrn 
Rerva, wenn man darin / in /* und Z—1 in ändert. 
Beweis für 2. 
2ri 
> ‚hl : e i 
Wir setzen erst k zusammen uit k(e! ) zu einen Körper &.. 
il 
Dieser ist relativ-zyklisch vom Relativ-grade —— zu %k. Der Relativ- 
a 


grad ist nicht teilbar durch /. Ist also in %,: 

tn NE a 
so hat das Primideal € keine Verzweigungsgruppe, weil der Grad 
dieser Gruppe eine Potenz von / sein musz und zugleich ein Teiler 


Hieraus ergibt sich weiter dasz g’ prim zu / ist, da die höchste 
Potenz von /, durch welche g’ teilbar ist, dem Grade der Verzwei- 
gungsgruppe gleich ist. Man sieht leicht ein, dasz der Beweis des 
Herrn Resta auch hier seine Gültigkeit behält wenn man darin 
wiederum / in 4=®—1 und /—1 in p ("="), ändert. Es ergibt sich 
dann die Beziehung: 

p(lR=W) 
ı NP 
d . 
woraus folgt dasz e’ nicht durch / teilbar ist, und weiter e —=1 
Dann hat man in %, die Zerlegung gefunden : 


p (li) 
Be der. a 


Nun haben %, und & (Fr) den gemeinschaftlichen Unterkörper 


( Ari 2rı 
Ih—h! . R ” h—h't1 
k\e . Wir setzen &, zusammen mit dem Körper & ee 


einem neuen Körper %,. Dieser Körper ist relativ-zyklisch von Rela- 
tivgrade / in Bezug auf k,. Und wir würden ebenso den Körper %, 
bekommen haben wenn wir gleich % mit dem zuletzt-genannten 
Kreiskörper zusammengesetzt hätten. 


Dnı 


Ist 5 die den Körper %&, bestimmende Zahl und Z= Sr: so 
stellen die Zahlen 


) WeBerR „Lehrbuch d. Algebra” II. S. 664 u. s. w. 


& g a a | 
N a | 
eine Basis von A, dar, wenn g der Grad van %, ist. Die relativen 


Substitutionen von -k, in bezug auf k, haben die Form (Z: Z9). 
Dazu gehört das.-Element 
FERIEN 

Es ist hieraus ersichtlich dasz € durch das Primideal I, = (1—Z) 
teilbar ist. Und weil es ein Ideal von %k, ist, ist es also teilbar durch 
£" wenn dieses Ideal in %, auf / teilbar ist. Dann ist auch der 
Relativ discrimant von %k, in bezug auf %k, durch €" teilbar. Also 
ist £" ein ambiges Primideal’) und €" ein Primideal von k,. Es ist 
daher in 4,: 

EEE EN 2 EN en ee (2) 
und 
Ede 
In derselben Weise findet man, indem man wiederum %, zusammen- 


2ri 


h—h+2 s 4 e 
el ) zu einem Körper %,, dasz im Körper k, die 


setzt mit ah 
Zerlegung 
er Re PER N 
gilt. Wenn man das Verfahren fortsetzt so findet man aus (1), (2), 
(3),.... den Beweis des zu erweisenden Satzes. 
Schlieszlich bemerke ich dasz die Sätze ihre Gültigkeit behalten 


N 


!) BACHMANN, “Allgemeine Arithmetik der Zahlenkörper”, S. 450. 
2) Hınsert. “Bericht über die Th. d. a. Zahlkörper. Jahresb. d. D. M. V. 
Band IV. Satz. 93. 


Chemistry. — “The Electromotwe Behaviour of Aluminium.” 1. 
By Prof. A. Smirs. (Communicated by Prof..H. A. LorENTZ.). 


(Communicated at the meeting of February 28, 1920). 


1. Introduction. 

As early as 1914!) we began to consider the behaviour of 
aluminium from tbe point of view offered by the new theory of 
the electromotive equilibria. 

As regards its electromotive behaviour aluminium is a most in- 
teresting metal. It has generally not been inserted in the electromotive 
series, because no cerfainty has been attained as yet about its place. 
In alkaline solutions aluminium precipitates the zine, but it does 
not do so in neutral or acid solutions. To this is added the very 
remarkable fact that the amalgamated aluminium does preeipitate 
the zine from neutral solutions, and. acts with violent decom- 
position on water, that it further rapidly oxidizes when exposed to 
the air, and exhibits a character that indieates that aluminium in 
this condition must be placed directly after the metals of the alkaline 
earths, thus: Mg— Al—Mn— Zn. 

In connection with this the conclusion was obvious that commer- 
cial aluminium is in a noble, less active condition, or in other words 
that it is in a state of passivity. This was decidediy a step in the 
right direction, but an explanation of the behaviour of aluminium 
had not yet been given. 

Most handbooks and publications state that commercial alumi- 
nium is covered with a coat of oxide, and that its passivity is 
owing to this. 

Also the anodie polarisation of aluminium has made the peculiar 
character of this metal evident. It was found before, that when an 
Al,(SO,),-solution was used, the density of the current, ı/o, on anodie 
polarisation continually decreased, whereas the electric potential rose, 
which may be seen from the following table, which has already 
been published before.*) Here the potential has been measured with 
respect to another aluminium rod as auxiliary electrode. 


!) Smits, Arten, These Proc. 22, 1133 (1914). 
2) SmITs, ATEN, Loc. eit. 
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Al-electrode in 1/2 N Al,(SO,); 


i/o anode 
4.068 0186 
0.53 + 3,48 
0.46 + 3,84 
0.36 + 4.13 


It has been tried to account for this phenomenon by assuming 
the formation of an AI,O,-layer with great resistance, which sup- 
position is, however, hardly tenable, for when the above-mentioned 
phenomenon presents itself, the aluminium-anode is perfectly bright. 
Besides when the current is reversed, the resistance has entirely 
disappeared. 

When tlıe tension is increased, there is actually formed a coat of 
AI,O,, Al(OH), or of a basie salt. Then the density of the current 
is practically reduced to zero, but when the current is reversed, the 
potential of the aluminium-eleetrode is considerably smaller. 

When the anode potential is carried up very high, e.g. to 200— 
500. V., the potential is reduced to from '/,, to '/,, on reversal of 
the current. 

This property, the so-called valve-action, is used to transform an 
alternating current into a continuous one. With high eurrent-densities 
the electric valve-action stops under ordinary eireumstances owing 
to rise of temperature. 

Fischer‘), therefore, used as anode an aluminium tube, through 
which water flowed, and in this way he succeeded in getting coats 
of oxide of a thiekness ot some tenths of millimeters. 

The most extensive researches on the valve-action of aluminium 
have been performed by ScHuLze ?’). He assumes, that every newly- 


1) Zeitschr. f. phys. Chem. 48, 177. 1904. 
2) Ann. der Phys. 21, 929. 1906. 
22, 543. 1907. 


n ” ” ; 
Bee 1235026‘. 
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ü 41, 593. 1913. 
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Zeitschr. f. Elektrochem. 20, 307. 1914. 
20, 592. 1914 
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formed aluminium-surface is immediately covered with a solid, not 
porous layer of oxide of molecular thickness. This layer, indeed, 
insulates, but according to him it can be pierced by the anions of 
the salt-solutions or by the O"-ion on anodie polarisation, and the 
oxygen formed then combines with the metal to AI,O,. The porous 
oxide layer offers an ever increasing resistance with increasing 
thiekness, and at last the anions are almost exclusively discharged 
at the layer of oxide, and only very few succeed in traversing this 
layer, and reaching tlıe metal, which he tries to prove by the fact 
that the quantity of generated oxygen is 96 °/, of the quantity of 
eleetrieity transmilted. 

When with a certain thiekness of layer a definite potential gradient 
has been reached, sparking commences, which puts a stop to the 
increase of tension and the thickening of the oxide layer. This 
maximum tension is greatly dependent on the nature and the con- 
centration of the anions; when this concentration increases, the 

maximum tension diminishes. It is remarkable that, when the current 
is reversed, no current passes below a certain potential, and that 
this minimum potential of the cathode is then many times smaller 
than the anodie-minimum-potential. Also the cathodie minimum 
potential depends greatly on the nature of the ions. 

ScHusze, and before him Tayror and Ineuis ') and GUTHE °), thought 
that they could find the explanation of this peculiar phenomenon 
by assigning to the gas layer that is formed in the pores of the 
Al, (OH),, the property of allowing the anions to pass less easily 
than the cations. 

It is elear that this explanation is not entirely satisfaetory, the 
more so because there are still a great many other exceedingly 
remarkable phenomena on which it does not throw any light. Two 
of them may be mentioned here, first the phenomenon that amal- 
gamated aluminium does not show valve-action, and secondly that 
a chlor-ion concentration in the electrolyte of 0.2 °/, renders the 
valve-action quite impossible. 


2. When aluminium is considered from the point of view of tbe 
theory of the electromotive equilibria, the conclusion is readily reached 
that this theory is able to account for the above-mentioned remarkable 
behaviour of aluminium by means of the same principles as the 
polarisation-phenomena in the other metals. 

In the first place it may be pointed out that it can easily be 


ı) Phil. Mag. 5, 301, (1903). 
2) Phil. Rev. 15, 327, (1902). 
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demonstrated that it is-erroneous to assert that commercial alumi- 
nium is covered with a coating of oxide. It was shown before that 
when the bottom of a vessel with an Al, (SO,), solution is covered 
with a layer of mercury, and when through the solution an alumi- 
nium rod is immersed in the mercury layer, the aluminium rod 
immediately assumes the potential of the mereury, from which follows 
that the aluminium rod was not covered with an insulating layer 
of AI,O,, but was in direct contact with the mercury '). 

Now that this fact has been established, and the initial condition 
is uneovered metal, it is clear that it must be explained why on 
anodic polarisation the potential of the metal becomes so strongly 
positive already with very small current densities that the tension 
of separation of the oxygen is reached. It is seen that here the 
same question presents itself as in the case of anodie polarisation of 
other inert metals. It was pointed out before that in the first place 
the most essential, the primary phenomenon, should be explained, 
viz. the change of the potential in noble direction; the oxygen, 
separation and the subsequent oxide formation are secondary phenomena. 

The strong ennobling of the potential of aluminium on anodie 
polarisation must be explained by this, that while the withdrawal 
of electrons from the metal which is represented by 


36, 
is immediately followed by aluminium-ions going into sulution 
Al, 


A 
because this heterogeneous equilibrium is instantaneously established, 
the homogeneous reaction 


Al, > Als +36, 


proceeds with very small velocity, so that the metal becomes poorer 
in ions and electrons. In consequence of this the potential of the 
metal becomes less negative or more positive, as appears from the 
- equation: 


L; 
0,058 E 
= — log A-her 2,8 


» (M) 


because in this case Zı becomes smaller. 
This phenomenon is, therefore, primary, and if the metal is inert, 


I) SmiTs, ATEN. le. 


58 
Proceedings Royal Acad. Amsterdam Vol. XXI. 
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as it is here, the potential of separation of the oxygen will soon 
be reached, and oxygen generation will set in, which under certain 
cireumstances may lead to the formation of an adherent coating of 
oxide or hydroxide round the metal. Of course this coating gives 
rise to a certain resistance, which may rise to considerable amounts 
with inereasing thickness. The assumption, however, that the resi- 
stance of such a coating should be different for different directions 
of current is not justifiable, so that there can be no doubt that the 
sudden deerease of the resistance on reversal of the current, must 
be owing to some other cause. 

So far there is no reason to doubt that oxygen and hydrogen are 
negative catalysts for the setting in of the internal metal equilibrium. 
Hence the slight quantities of oxygen absorbed by the metal on 
anodie polarisation have a greatly retarding effect (Fe, Co, Ni). 

Most probably this is Jikewise the case for aluminium, and to 
this it will have to be attributed that such a strong anodie polari- 
sation has been observed in aluminium. 

Accordingly this fact leads to the assumption that the metal is 
disturbed here to a great extent, i.e. that the. metal surface becomes 
very poor in ions and electrons, or in other words, that the metal 
passes at its surface into a state which agrees with a metalloid in 
this that it possesges an exceedingly small electrie conductivity. 

On this strong anodie disturbance the aluminium surface becomes, 
therefore, a metal coating of great resistance, and this coating is in 
its tarn surrounded by another of AI, O,. 

As the study of the phenomenon of polarisation in other metals 
has taught, the disturbance that has arisen by anodie polarisation, 
stops immediately through reversal of the current. This behaviour 
must be explained by the fact that hydrogen, just as oxygen, though 
in a different degree, is a negative catalyst for the establishment of 
the internal metal equilibrium, and can yet apparently act positively 
catalytically, when it separates on a metal surface that has previ- 
ously absorbed oxygen, as both negative catalysts then disappear 
amidst formation of water. The small quantity of oxygen absorbed 
then enhances the disturbance of the aluminium on anodie polari- 
sation; hence the removal of this negative catalyst will immediately 
stop the disturbance, and the strongly metastable state of the alu- 
minium surface will be transformed with great velocity in the 
direction of the state of internal equilibrium. This transformation 
changes the metal coating of great resistance suddenly into another 
of smaller resistance, which must, therefore, be attributed to the 
great velocity of the reaction: 
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AA, +3 O5. 

Hence the resistance that remains when aluminium is made from 
anode to cathode, is chiefly the resistance of the coating of Al, O,. 

In the earlier paper cited here a great resistance was simply 
assigned to the solid solution of oxygen in aluminium, and too little 
stress was laid on the fact that the strong disturbance of the 
aluminium may lead to the formation of an aluminium surface that 
is very poor in ions and electrons. 

Since, 1914 researches on the electromotive behaviour of aluminium 
have been made in my laboratory, first by Miss Rıwuın, and after- 
wards continued by Mr. ps Gruyter, both as regards commercial 
aluminium and amalgamated aluminium. | 

Working with very pure commereial aluminium, the polarisation 
and the curves of activation in different aluminium-salt solutions, 
have been determined, in which again, just as with iron, the sstrongly 
positively catalytie influence of halogen-ions came to light. 

A closer examination of the valve action is in progress, and also 
the thermie and electromotive investigation of the system mercury- 
aluminium. In connection with this investigation there are other 
thermie and electromotive investigations being made on systems 
mercury-metal, as mercury-magnesium, mercury-tin etc. As a pecu- 
liarity it may be mentioned here that, as was already found by 
De Leruw') in tin, mercury exerts an acceleraling influence on 
enantiotropie conversions, so that, where a point of transition in the 
pure metal is not, or hardly, to be observed, this is generally very 
clearly seen on addition of a little mercury. 

A good example of this is furnished by aluminium, for which a 
point of transition at + 580° was found with great clearness from 
the investigations of amalgams rich in aluminium. 

Also with a view to this the investigation mercury-metal with 
other important metals will be continued. 


General Anorg. Chemical Laboratory 
of the University. 
Amsterdam, Jan. 30, 1920, 
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Mathematics. — “Sur les ensembles elairsemes.’ By Prof. ArnauD 
Densov. (Communicated by Prof. L. E. J. Brouwer). 


(Communicated at the meeting of March 27, 1920). 


Selon une definition que j’ai proposee, (Journal de Math. pures et 
appliquees, 1916), je dis qu’un ensemble est clairseme quand il est 
non dense sur tout ensemble parfait. 

Soit E un ensemble queleonque, E, l’ensemble des points de E 
qui sont limites & EZ. Soit « un nombre ordinal quelconque. Si « 
est de premiere espece, soit Z, l’ensemble des points de Z, ı qui 
sont limites & E,_ı. Si « est de seconde espece, soit E, l’ensemble 
des points communs & tous les E,, de rang inferieur a «. Chacun 
des E, contient tous les ensembles suivants. Je dis que tous les E, 
sont nnls ou coineident & partir d’un certain rang de «. 

En effet E,+ı est l’ensemble commun A E, et & son derive E’.. 
Done l’ensemble #’, contenant #,41, contient tous les ensembles 
E, d’indices A superieurs a a. Comme X’, est ferme, E’, contient 
tous les ensembles E’, si A>a. Done, d’apres un theoreme connu, 
il existe un rang ß tel ue ZH’a> Es, si B’<B, et tel que 
Es=Esr=... EB, Etant situe dans 2’, pour A>a, E’, estsitue 
dans le derive EZ", de Z’.. Done, si #’s n’est pas nul, Z’z est 
‚parfait, puisqu’il coineide- avee un ensemble #’s41 contenu dans 
son derive Z"z. Dans ce cas, E;r,, situe sur E'z et ayant pour 
derive #’s lui-m&me, Zstı est partout dense sur E’s. Est, que 
nous designons par F), est dense en lu-meme et a pour derive 
P’ensemble parfait %’,; ou P. 

Si #’z est nul, #3 a un nombre limite de points, ou est nul. En 
tous cas, Eayı est nul. 

Soii P, un ensemble parfait sur lequel X est partout dense, et A 
ensemble commun & P, etä E. H est dans E, et, de proche en 
proche, dans E, quelque soit «, done dans Es+ı, done, le derive 
de H, soit P,, est dans P, derive de Ea+ı- Si done Es+ı est nul, 
E est non dense sur tout ensemble parfait. Si Es+ı n’est pas nul, 
soit @ lensemble des points de E qui ne font pas partie de F". 
L’ensemble (@, est contenu dans Z, quelque soit «. Done, Ga+ı est 
dans Esyı, done dans F, mais Ga+ı est aussi dans G@. Comme @ 
est distinet de #, Ga+ı est nul. Done, @ est eluirseme. 

Tout ensemble est donc la reunion d’un ensemble dense en lui-möme 
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et d’un ensemble clairseme, proposition dont on trouvera une autre 
demonstration dans le m&moire rappel& plus haut. 

Il nous sera commode, avant d’aller pour loin, de considerer la 
famille d’ensembles fermes X, ainsi definie. Si « est de premiere 
espece, Ä, est identique & #1. Si a est de seconde espece, K, 
est l’ensemble commun & tous les ensembles X, d’indice @’ infe- 
rieur ä 0. 

Nous designons la totalit&E de l’espace par K,, et Hfacultativement 
par £,. Je dis que Ex est ensemble commun ü E et ü K.,. 

Pour @=1, K, est le derive de Z,, ensemble identique & E, et 
E, est bien l’ensemble commun ä HE et & Ä,. Supposons la propo- 
sition vraie pour a’ <a, et montrons-la pour «a. Si a est de premiere 
espece, alors par definition, d’une part Ä, est le derive de 1, 
d’autre part, Z, est l’ensemble commun & Ku et A son derive, 
done & E,_ı et & K,-ı. Or, par hypothese, Z,_, est l’ensemble 
commun a E etä K,-ı. Done, E, est l’ensemble commun & Z#, 
a K.-ı etäa Ä,.. K, etant le derive de Z,_1, contenu par hypothese 
dans l’ensemble ferme X,_ı, K, est contenu dans Ä,_ı. Done, E, est 
l’ensemble commun & E etä Ä.. 

Si @ est de seconde espece, E, est par definition l’ensemble commun 
a tous les Z, d’indices inferieurs & «, done d’apres notre hypothese, 
E, est l’ensemble commun ä& E et ä& tous les Ky; don, & E et 
K., si K. est l’ensemble commun aux Ä„. La propriete est done 
demontree dans tous les cas. 

Dans le cas ou E'z existe, pour f<{B,avec E,—=0, alors Kayı 
existe et Äarı est nul. Si ß est de premiere espece, faisons 
"= P—1. Kr existe. Si 3 est de seconde espece, comme tous les 
Ka existent, il en est de m&me de As. Done si E est clairseme, 
il existe un nombre ß tel que X, existe, E possedant sur X, un 
nombre fini ou nul de points. 

Nous allons donner une propriete caracteristigque des ensembles 
clairsemes, propriete qui montrera le parti qu’ils offrent dans les 
applications & la theorie des fonctions. 

Theoreme. — La condition necessaire et suffisante pour quil soit 
possible d’affecter ü chaque, point M d’un ensemble E, un ensemble 
propre I(M) auquel M soit interieur, de maniere qu’aucun point de 
Pespace ne soit interieur & ume infinite d’ensembles I(M), est que 
Pensemble E soit clairseme. 

1° La condition est necessaire. En effet, si E n’est pas clairseme, 
il contient un ensemble dense en lui-m&me 7. Soit / le derive de 
F. P est parfait. Tout point M, de F est interieur & un ensemble 
IM,). On sait alors qu’il existe un ensemble A partout dense sur 
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P et dont chaque point est interieur a une infinite de /(M,) (voir le 
memoire eit plus haut). Le eomplömentaire de A relativement a. 
est formed par la r&union d’une infinite denombrable d’ensembles non 
denses sur P. R est ce que j’ai propose d’appeler un residuel de P. 
La condition enonede est done necessaire. 

9°. La eondition est suffisante. Supposons que E soit elairseme. 
E est done denombrable. Car, l’ensemble Q des points au voisinage 
desquels un ensemble D est non denombrable, est parfait, et D est 
partout dense sur Q. Cela pose, nous envisageons pour un point 
quelecongue M de E, deux sortes de rangs. D’abord, Eetant denom- 
brable, nous pouvons attribuer & M un rang entier propre n. D’autre 
part, dans la suite des ensembles Z, , formee comme il a ete expliqu£, 
considerons ceux de ces ensembles qui ne contiennent pas M. L’un 
d’eux a un rang inferieur & tous les autres, soit y ce rang. y ne peut 
pas etre un nombre de seconde espece. Car M, etant situe dans &,, 
quelque soit y’<(y, serait dans E,, si y &tait de seconde espece. On 
peut done poser y=d-+1. M est dans Es, mais non pas dans Kaı. 
Done, M est dans E; mais n’en est pas point limite. M est un 
point isole de E35. Üela etant, y(n) etant une fonction queleonque 
de n tendant vers 0 quand n croit, nous prenons pour /(M) un 
intervalle ou cercle ou sphere,... ayant pour centre M et un 
rayon. r(M) inferieur d'une part a y(n), d’autre part & la distance 
de MA Eis= Kan. 

Je dis qu’un point quelconque N de l’espace n’est interienr qu’ä 
un nombre limite d’ensembles /(M). En effet, si N &tait interieur 
a une infinite de tels ensembles /(M), soient MW, M®,..., M®,... 
les centres de ces ensembles, d,,d,,..., 0; ... les ordres analogues 
ä Ö correspondant & ces divers points, 2,,0,,...02,... leurs rangs 
dans le premier classement des M en serie unilineaire, et enfin 
r» le rayon de /|M]. Puisque les n, sont .distinets, n, croit 
indefiniment avec p, done r,<p(n,) tend vers O0, done N est point 
limite des M®). 

Parmi les nombres transfinis d,, ii yen a au moins un, soit d, 
auquel nul autre n’est inferieur. On a >) pour toute valeur de 


p, Vegalite etant realisee pour au moins une valeur de p. Done, 
au moins un point M; de Ey est dans la suite M'»). D’ailleurs E; 
contient E;,, done MP), quelque soit p. Done, N estun point limite 
de E;. Mais ceci est impossible, puisque /(M;) contiendrait N et 


que, par hypothese /(Ms) ne eontient aucun point de Z’;. La con- 
dition est done suffisante. 


Soit 7 un ensemble ferme. Supposons d’abord que H n’ait pas 
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‚de point commun avec. X, —=E’. Alors, il n’y a &videmment qu’un 
 nombre fini d’ensembles /(M) contenant & leur interieur an moins 
un point de 7. On voit en effet comme ci-dessus, que si ces points 
etaient en infinite, chacun de: leurs points limites serait sur H, 
puisqu’il n’y a qu’un nombre limite d’ensembles /(M) dont lerayon 
surpasse un nombre positif donne. Si done H est distinet de E’ 
derive de E, nous aboutissons A une contradietion. 

Plus generalement, si l’ensemble fermd H est situd sur Ra et sil 
n’a pas de point commun avec Kyyı, il n’existe qu’un nombre limite 
d’ensembles I(M) contenant a leur interieur au moins un point de H. 
En effet, si &8<{e, & tout point M de Es correspond un ensemble: 
I(M) sans points communs avec A, puisque /(M) n’a pas de point 
commun avec E’s= Kar, qui contient X, et par suite 7. Done, 
les seuls points M dont les ensembles /(M) peuvent contenir au 
moins un point de 7 sont les points M de E.. Comme H est sans 
point commun avec Ä,+ı derive de Z,, nous sommes ramenes au 
premier cas. L’extension du theoreme est demontree. 


Voieci une application de la proposition ci-dessus ä& la theorie 
des fonctions. Designons par f(M) une fonction des coordonnees 
2,Y,...u d’un point M de l’espace, et par f(M—M,) la fonction 
Fa—r, y-Ys:-,u—u,). Soit in (M) une fonction bornee a Pexte- 
rieur de toute sphere ayant pour centre lorigine O des coordonnees, 
et telle que | f„n(M)| croit indefiniment quand M tend indifferemment 
vers 0 (sans coincider avec 0). Alors: 

La condition necessaire et suffisante pour qu’il existe des coefficients 
@„ independants de M et tels que la serie &, fa (M—M,) soit partout 
convergente, est que l’ensemble M, soit clairseme. 

La condition est necessaire. En effet, si l’ensemble Z£ des points 
H,„ n’est pas clairseme, supposons donnee une suite quelconque de 
coefticients @,. D’apres lim|f„(M)|= w quand M tend indifferem- 
ment vers 0, n restant invariable, il existe une sphere ayant son 


X 


centre & l’origine et en tout point de laquelle | /.(M)| rer Soit 


r'„ le rayon de cette sphere. Entourons M, d’une sphere /'„ de rayon 
r's. L’ensemble M„ n’etant pas clairseme, il y a des points de 
l’espace interieurs & une infinit@ de spheres /'„. Pour chacun de ces 
points N, la serie «&) fn (N—M,) est divergente comme ayant une 
infinite de termes superieurs a 1 en valeur absolue. 

La eondition est suffisante. En effet, si EZ est clairseme, nous 
pouvons autour de M,„ decrire une sphere /„ de centre M, et de 
rayon r„ telle que tout point de l’espace ne soit interieur qu’a un 


886 


nombre fini de spheres /„. Soit, hors de la sphere de centre O et 
de rayon r,, t, le maximum de | /n (M) |. u„ existe, puisque par 
hypothese |/.(M)| est borne & ’exterieur de toute sphere ayant 
son centre A l’origine. Soit «, un nombre quelconque inferieur en 


La serie anfn (M—Mn) converge en tout point 


module a — 
N Un 
} 6 
M, comme n’ayant qu’un nombre limite de termes superieurs en 


1 
module aux termes de m&me rangs de la serie —. 
n 


On montre aisement que la serie a, fun (M—M,) converge unifor- 
mement sur tout ensemble ferme H sans points communs avec E’ ou 
plus generalement sur tout ensemble ferm& contenu dans K, et 
n’ayant aucum point commun avec Karı. En effet, il n’y a qu’un 
nombre limite d’ensembles /, eontenant des points d’un tel ensemble 
H. Done, & partir d’un certain rang N, le n® terme de la serie 


. ER \ 1 . = 
est inferieur A Zauen tous les points de 7, quelque soit n>N. 


Supposons que f,(M) sort la somme d’une serie 
PP que, 


Un.ı (M) + un.2 (M) cr are. + Un.p (M) + .... 


uniformement convergente et & termes bornes (chacun separement) & 
"exterieur de toute sphere ayanı son centre & Porigine. Alors, & l’exte- 
rieur d’une telle sphere ayant le rayon r„ defini plus haut, les 
sommes 


Un.p (M) + Un .p+1 (M) + .... + Un.g (M) 


sont, independamment de p, de g et de M, bornees en module par 
un m&me nombre A,.(en particulier, avec g=p, |.» (M)| < 2). 


Soit @«, un nombre de module inferieur A . Je dis qu’en ajoutant 


n?2, 


par colonnes les series @n fan (M—M,), nous obtenons une serie 
w(M)+w(M)+ . .2w(M)-+...., 
convergente en tout point M. En effet, on a: 
w(M)= a, u.,(M—M,) + 0,u.p(M—M,)+..+ munp(M—Mn)-+ . 
La serie w,(M) est convergente puisque, M n’etant interieur qu’a 
un nombre limite de spheres /,, la serie w,(M) n’a qu’un nombre 


\ 


limite de termes sup6rieurs en valeur absolue A l’inverse du carre 
de leur rang. 

Soit e un nombre positif. Nous voulons prouver que, M &tant 
choisi, il est possible de determiner N, de facon que | w,4ı (M) + 
+ ...4+ 044 (M) |< 5 quelque soit p> N, et quelque soit g. 
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Cette relation s’eerit: 


m=p4y m=p-44 m=p 
le, 3 um(M—-M, ) = QG, I ug, „(M—M,)-+. 2 PR m(M— M„)+ TE 
m—p+1 Be +1 m—=p+1 


Nous allons m&öme- montrer que ’on peut resoudre par p> N, 
inegalite 


+ m=p+9g 
| a 2 Ulm (M—M)) | Fit} | 0% Zoo Unm a) | +» .<{E () 
m—=p+1 mn—=p-+1 


Nous divisons les termes de la serie du premier membre de (1) 
en trois categories. 
1° M etant interieur & un nombre limite (ou nul) de spheres 


I(M,„), soient M,„,, Mn,» ., Mn, les centres de ces spheres. Puisque 
les series 
Zu, pP (M— M,, ) ’ = ing. (M—M,.,) voor. m „IM —Mn,) 
P= p= - = 


sont convergentes au Dos M, nous pouvons determiner N, de 
facon que, ip>N,, 
[Un pt (M—Mn. N] es Uni,p+2 (M—Mn, ent Mn, u (M— Mn,) Mei in » 
; . "=pt+g 
pour —=1,2,...,h, quelque soit q. Les termes In; EZ Un;m (M—-M,,| 
n=p+1 


RD € 
ont alors une somme inferieure & 3 


3 l 
2° Soit N’ un entier superieur a - —. La serie B5 — a une somme 
N'+ın 


1 x A 
inferieure nn done an Tous les termes de la serie (1) de rangs 


superieurs & N’ et differents des ni, ont done une somme inferi- 


‚€ 
eure & —. 
3 


Mon £ x R F 
3° La serie 2 u,m(M) etant uniformement convergente pour n 
m—1 
fixe et M variable avec dist. OM >r„, nous pvuvons determiner 
un nombre N 2, tel que, si 
p>Ng„ona| 3 jn Hy <; |An |. 
m=p 
Donnons & n les valeurs 1,2,..., N’ distinetes des n;, les Na. 
ont une valeur maximum N,. D’apres nn; M est exterieur & la 
sphere /„ de centre M„ et de rayon r„. Si 


—=p4+g 
p>N, ‚ona| = 2 in. ‚m (M—M,) | < 
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>| / 
Done, la somme des termes correspondants a n Zn; AN est 
| er, de € S 
inferieure, si p>N,, 85 2,5: 2. Done, si N, est le plus 
= 1 


n? 
erand des deux nombres N, et N,, la condition p > N, entraine: 
HM) +....+ + (NM) <E 


quelque soit g. La serie w,(M) est done partout convergente. 


Application. @(n) dlant une fonction positive de Ventier n, jJamais 

crorssante, la serie 
gAl)in ae +y2)in 249 +...+y(mM)snnd-+..., 
est convergente quelque soit 4. Soit f(@) sa somme. # f(6) tend 
vers O0 avec 9. Si la serie ng (n) est divergente, /(@) n’est pas som- 
1 3 s 

mable et |/(#)| croit indefiniment avec TI Soient 9, une suite de 
valeurs de 9 situees sur le segment (— nr, nr) et y formant un 
ensemble clairseme quelcongque. 


ll existe alors une suite de nombres positifs wn tels que, si |a„| < w,, 
la serie 


pl) >= sin O—On)+ .:::+YP(n) Zansinn(9—0,)+ :-::-- 
m—1 


mi 
est convergente quelque soit @. Soit T’(6) sa somme. 

J’ai defini sous le nom de totalisation un procede d’integration 
de certaines fonctions non sommables. La premiere condition remplie 
par les fonctions totalisables, — savoir que l’ensemble 77 des points 
d’un ensemble parfait P au voisinage desquels la fonction est 
non sommable sur P, H est non dense sur P, — cette condition 
est remplie par toutes les fonctions limites de fonctions continues, 
puisque, celles-ci &tant ponctuellement discontinues, l’ensemble X des 
points de P au voisinage desquels l’une d’elles est non bornee sur 
P, K est non dense sur P. K contient &videmment A. 

A toute fonction limite de fonctions continues, on peut done faire cor- 
respondre une suite d’ensembles parfaits P,P,,... Pa.., correspon- 
dants aux divers nombres ordinaux des elasses let II. Par definition, 
si a est de premiere espece, P, est le noyau parfait de l’ensemble 
ferme constitue par les points de P, , au voisinage desquels / est 
non sommable sur P,_1. Si a est de seconde espece, P. est le plus 
grand ensemble parfait commun & tous les P, quand @ <a. Si 
Q. est ’ensemble des points de P, au voisinage desquels P, est de 
mesure positive (ou Epais), P,+ı est l’ensemble des points de Q. au 
voisinage desquels f est non sommable sur (x. Done, P,+ı est non 
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dense sur Q, et a fortiori sur P,. Done, tous les P, sont nuls & 
partir d’un certain rang, 

Etant donnee inversement une suite queleonque d’ensembles par- 
faits P,, telle que 1°._P, soit contenu dans l’ensemble Q. des points 
ou P,„ est epais, et soit non dense sur Q,, et que, 2°. si a est de 
seconde espece, P, soit le plus grand ensemble parfait commun & 
tous les 7% si d@ <e, il est curieux de constater qu’il est possible 
de former une serie {rigonometrique convergente T (6) telle que 
l’ensemble des points de non sommabilitö de T’(%) sur le continu 
ait pour derive d’ordre 2, preeisement P, et que la suite d’ensembles 
parfaits relative & T'(@) et determinee par la premiere operation 
du calcul totalisant, soit preeisement la suite P.. 

En effet, considerons l’ensemble Z form& de la r&eunion des ensem- 
bles #, suivants. F\ est constitu& par les milieux des intervalles 
contigus & P,. Pour F,, nous considerons les intervalles contigus & 
P,+ı. Parmi ces intervalles contigus, designons par i„ ceux qui con- 
tiennent des points de Q.. Puisque Pz+ı, situe sur Q, , est non dense 
sur Q., tout point de P,yı est limite d’intervalles ?.. Or, sur chaque 
intervalle :„,, Q, & une mesure positive, puisque Q, possede cette 
propriete au voisinage de chacun de ses points, et qu’il en existe 
dans :,. Soit, dans chaque :,, un point N, oü l’Epaisseur de Q, est 
egale & 1. La reunion de tous les N,, pour une valeur donnee de « 
est un ensemble 7, situe sur Q,, et possedant un point et un seul 
dans ehacun des contigus i, de Parı. Fx a pour derive Parı. Zsera 
par definition l’ensemble de tous les Fr. 

Il est aise de voir que l’ensemble Z, est forme par tous les A) 
de rangs superieurs ou egal a «. 

E est done celairseme puisque, /, etant nul & partir d’une 
certaine valeur de «, il en est de m&me des F et par suite aussi 
de Au. 

Formons avec les points M, ou 9, de Ela serie trigonometrique T' (6) 
definie plus haut. Pour un segment o, sans points communs avec 
F, + P,, done situe & une distance positive de Z, il n’existe qu’un 
nombre limite d’intervalles /„ empietant sur o,. Laserie @«n f (d—0,) 
est done uniformement convergente sur o,. Done elle est continue 
et par suite sommable sur o0,. 

Si 0, contient un point N, et nul point de P,, soit p le rang du 
point N, dans la suite 9,. T(0) — a, f(@—#,), est continue sur 0,. 
Comme f(0--0,) est non sommable autour de @,, I’ est non som- 
mable sur o,. Done, les N, sont les seuls points de non-sommabilite 
etrangers & P,. Comme l’ensemble des points de non-sommabilite est 
ferme, et que le derive des N, est P,, cet ensemble est ZN. +tP.- 


SH . 


Done, le premier ensemble parfait dont la eonsideration s’introduit 
par la premiere operation du calcul totalisant est P.. 

De me&me sur tout portion @, de P, interieure A un contigu de 
P.+1, la serie «nf(0—9,) est uniformement convergente. ®@, est un 
ensemble parfait qui possede au plus un point de E. Toutes les. 
fonctions &,f($—0,) sauf une au plus sont sommables sur @, et 
leur serie est uniform&ment convergente sur ,. Done, f est sommable 
sur @, si @, ne contient aucun point N,. Si @, contient un point 
N. de E, f est ou non sommable sur @, en m&me temps que 
f(@—9,) si p est le rang de N, dans la suite 4,. L’&paisseur de 
Q. en N, est 1. Il en resultera generalement et en particulier si 
en) = En que f(6—6,) n’est pas sommable en 6,. Donc, l’ensemble 
des points de non-sommabilite de / sur P, est forme, en dehors 
de P.4ı, par Fu. Comme le derive de F, est P,+ı, la suite d’en- 
sembles parfaits P, est done celle que determine la premiere operation 
de la totalisation pour la somme de la serie trigonometrique 16). 


FERNAND MEUNIER, QUELQUES INSECTES DE L’AEQUITANIEN DE ROTT. 


Palaeontology. — “Quelques insectes de ! Aquitainen os Rott, 
Sept-Monts (Prusse rhenane).” By Furnann Mruniıuek. (Com- 


municated by Prof. K. Marrın). 
(Communicated at the meeting of April 23, 1920). 


On sait que GERMAR, Hagen, les von HryDrkn et SCHLECHTENDAL 
ont deerit naguere une serie d’insectes des lignites pn Rort. ') 

Des 1894, je me suis oceupe des artieules des Sept-Monts. Les 
especes nouvelles signalees, jusqu’iei, se r&partissent dans les ordres 
suivants: 

1. Nevropiöres. 

Phryganea elegantula Mezun. Ulmeriella bauckhorni Mevn. 

2. Hemipteres heteropteres. 

Lygaeites mysteriosus MEvn. 

3. Coleopteres. 

Galerucella serrata Meun. 

4. Hrymenopteres. | 

Apis oligocaenica Meun. Nysson rottensis MEunIER. Myrmica archaica 
Meun. Formica bauckhorni Mekun. Proctotrypites rottensis Meun. An- 
drena tertiariıa Mrun. Eucera mortua Mkun. Bracon rottensis Mkuvn. 
Cryptus sepultus Mrun. Ponera rhenana Mervun. 


5. Dipteres. 

Tipula sp. Seiara heydeni Mrun. Protomyia sluiteri Mwun. Systro- 
pus rottensis Mrun. Brachypeza graciosa Mrvn. Syntemna sepulta 
Meun. Boletina sp? Neoglaphyroptera subvenusta Mrun. Pericoma 
minuta Mrun. Gymnopternus bauckhorni Meun. Plecia superba Mrun. 
Helomyza bauckhorni Meun. Bibio infumatus Mrun. Plecia pulchella 
Mrun. Anthomyia sp? I,asiosoma minutissima Msun. Oyttaromyella 
bastini Mkun. u 
- Dans le groupe des Trichopteres ou Phryganidae, j’ai observe 
l’empreinte et la contre-empreinte d’un insecte se distinguant des 
especes deja signalees de ce gisement. 


ı) Scupper, S. H. „Index to the known fossil Inseets of the World including 
Myriapods and Arachnids.” Bull. U. 8. Geological Survey. N®. 71, Washington 
1891 voir aussi le „Handbuch’”’ de Anton HANDLIRSCH. 
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Parmi les hemipteres he&teropteres, je complete la description de 
Pachymerus antiquus Heypen, tres frustement figure par cet auteur. 

Les homopteres Cicadaires n’ont pas encore ete rencontres a RoTT. 
Heer signale une faunule d’Oeningen et de Radaboj. Les travaux 
entrepris, & Rott, en vue de l’exploitation de la paraffine, m’ont fait 
decouvrir une delicate empreinte de „Zirpe”, se classant, irrecusa- 
blement, parmi les Jassidae Bythoscopinae du genre Agallia Curtis. 

Au moyen d’un agrandissement photographique, fait avec soin 
par mon ami M. Furp. Bastın d’Anvers, il m’est possible de donner 
un bon dessin restaur& de l’elytre de cet Homoptere. 

Parmi des Col&opteres Cureulionidae mentionnons Rhynchites hageni 
Hryven. Monsieur BAUCKHORN m’a communique des exemplaires en 
parfait Etat de Conservation. 

Dans le monde des Hymenopieres Tenthredinidae (mouches & scie), 
M. BauckHoRN a trouve un fossile a veination des ailes enchev£tree 
ce qui empe&che de le placer, a coup sür, parmi les Pinicolides et 
m’oblige, provisoirement, a le designer sous le nom de Pinicolites 
graciosus, comme je l’ai fait d’ailleurs pour une autre bestiole des 
plaquettes du Sannoisien d’Aix en Provence (Tenthredinites bifasciatus). 

Parmi les Dipteres Mycetophilidae ou fungicoles, on a remarque, 
a RoTT, une minuscule empreinte appartenant au genre Tetragoneura 
Winnertz. Ce genre, qui parait ötre rare sur les lignites de Sept- 
Monts, est represente par plusieurs especes criteres dans l’ambre de 
la Baltique. Malgre de nombreuses recherches, je n’ai pu le decouvrir 
dans le Copal sub-fossile et d’origine recente. 

Les remarques concernant les Termitidae de Rott sont peu preeises. 
Hagen et Heer ont bien mentionne, il est vrai, deux especes des 
schistes ligniteux du Rhin, mais, leurs trouvailles necessitent de 
nouvelles recherches, les dessins qu’ils en donnent ne pouvant guere 
nous satisfaire, au point de vue de la systematique moderne con- 
cernant le veination des ailes de ces Arthropodes. 

M. BauckBorn qui collectionne depuis plus de dix ans, avec le 
plus grand zele, les articulö6s de Rorr n’a rencontre aucun Termitidae. 
Ces archaiques formes d’insectes, assez abondantes dans le sucein 
du Samland, s’observent aussi frequemment incluses dans le Copal 
de diverses provenances africaines; elles appartiennent & plusieurs 
sous-genres de l’ancien genre Termes Linne. 

Terminons en disant que dans son travail, si soigne, sur les 
Termitidae fossiles M. K. v. Rosen, pe Munich, suggere l’idee 
que ces &tres sont & rapprocher, phylogendtiquement parlant, des 


!) Die fossilen Termiten. Eine kurze Zusammenfassung der bis jetzt bekannten 
Funde. Trans. of the second Entomological Congress, 1912 
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Blattidae Protoblattinae:- Cette opinion, si interessante qu’elle soit, 
demande encore & &tre &tayde sur des bases plus irrefutables. 


Description des especes. 


1. Nevropteres. 
Trichopteridae (Phryganidae). 

L’aile decrite ci-dessous differe notablement de Phryganea elegan- 
tula et de Ulmeriella bauckhorni. Elle presente les caracterees suivants. 
Longueur de l’aile 12 mill., largeur 3°/, mill. 

Aile arrondie A l’extremite. Nervure sous-costale rapprochee de 
la costale et anastomosee au delä du milieu du bord anterieur de 
Vaile. Nervure radiale longuement fourchue, son secteur part vers 
le milieu de sa longueur, il est aussi orne d’une fourche (ces deux 
fourches sont d’egale longueur). La mediane, d’abord simple & peu 
de distance de sa base, est ensuite longuement fourchue, son rameau 
superieur l’est aussi, l’inferieur est aussi branchu. Le cubitus est‘ 
fourchu peu apres son point de depart, son rameau superieur a aussi 
une fourche. Sur l’empreinte, on ne remarque qu’une nervure anale 
simple (il en existait vraisemblablement d’autres, mais, la presque 
totalite du champ anal est altere par la fossilisation). La conserva- 
tion (froissee) de l’empreinte et de la contre-empreinte ne permet pas 
d’etablir les rapports phylogenetiques probables de ce fossile avec 
les especes de la faune actuelle. 


2. Hemipteres. 
Heteropteres. 
Lygaeidae. 
Genre Pachymerus Le Pelletier 
Pachymerus antiquus Heyden. 

Palaeontogr. t. VIII, p. 16—17, pl. 3, fig. 9. 

Le genre Pachymerus est bien represente dans les terrains terti- 
aires europeens & Aix (Provence), ä Oeningen, ä Radoboj, & 
Brunnstatt (Alsace). II ne semble pas &tre commun sur les couches 
aquitaniennes de Rott. Lygaeites mysteriosus Mevun. est une interes- 
sante trouvaille de ce gisement rhenan. Les especes signaldes d’Aix 
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sont ordinairement frustes, ce qui emp£&che d’en faire une &tude eritere 
et de les comparer, avee soin, ä& celles des autres formations 
geologiques. 

Longueur du corps 5'/, mill. 

Pachymerus antiquus de Hryprn a les antennes robustes et paraissant 
ötre composees de six articles, dont le premier est court, les autres 
articles cylindriques sont un peu &largis & l’extremite. Les femurs 
des trois paires de pattes sont dilatees. Les segments abdominaux 
sont tres appreeiables. Le type de v. HEYDEN est peu net, celui trouve 
par M. BauckHorN permet d’etudier la morphologie des antennes. 
De nouveaux documents s’imposent, avant de donner une rigoureuse 
description de cette espece, l’insecte, figure plus loin, etant couche 
sur le dos, ce qui ne permet pas de voir la veination des elytres 
le thorax, l’&cusson et les autres organes. 


Homopteres. 
Genre Agallia Curtis. 


Fig. 2. Fig. 2D. 


Les genres europeens Idiocerus Lew et Agallia Curtis different 
des autres Bythoscopinae par les antennes qui sont inserees dans 
une cavite, peu profonde, de la face. Elle est tres appreciable (tief.) 
chez les Pediopsis Burmeister, Macropis Lew et Bythosceopus Germar. 
La veination des @lytres des Agallia et Bythoscopus s’eloigne par de 
menus details des cellules apicales'). 

Agallia sepulta n. sp. 


Longueur du corps 4 mill. 


!) Les caracteres des antennes ne sont pas distincts. . 
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Tete robuste et ä peine plus large que le pronotum y compris 
les yeux qui semblent arrondis. Les ocelles (Nebenaugen) ne sont 
pas visibles. Elytres bien d&veloppes. Veination tr&s nette: nervure 
eubitale') r&eunie au _bord costal & quelque distance de ’apex de 
l’elytre. Cellule basale (area basalis) tres visible. Trois cellules dis- 
coidales ante-apicales et trois cellules apicales; une nervure anale et 
une axillaire. Le reseau de la veination des ailes est peu precis et 
de plus enchevetre. Les autres caracteres ne sont pas conserv6s, ce 
qui emp&che de comparer ce Cicadaire avec les autres Bythoscopinae 
et avec les Jassidae de la Sous-famille des Tettigonini, notamment 
avec le genre Tettigonia Olivier, deja observ& sur les schistes d’Aix, 
de Radoboj, d’Öeningen etc. 

On sait que les Cieadaires ne sont pas tres communs dans l’ambre 
de la Baltique, leur etude, deja ancienne, demande & ätre entierement 
revisee. 


3. Coleopiteres. 
Qureulionidae. 
Genre Rhynchites. Hbst. 
Rhynchites hageni Hryp, Mevn. 
Palaeontographica t. XV, pl. 23. fig. 6 (1866). 

Le rostre est un peu plus long que la tete, large (Hxypen dit 
qu’il est deux fois aussi long que cet organe, ce que contredit son 
dessin). Les antennes, inserees a la base du rostre, paraissent ätre 
composees de dix articles: le le cylindrique et distinetement plus 
long que les suivants; les articles 2—7 aussi eylindriques; les 
3 derniers £Epaissis, cnpuliformes et donnant &a l’antenne l’aspect 
d’ıne massue. La partie anterieure du thorax est moins large que 
la posterieure, l’ecusson est tres petit. Les Elytres ovoides, un peu 
allonges sont, comme le dit von Hrypen, 2 fois plus longs que le 
thorax; ils semblent @tre ornes de huit stries longitudinales formees 
de points ceilies et rapproches. Les pattes, assez robustes, (HEYDEN 
signale dans la diagnose qu’elles sont minces “diinn”, le dessin 
les montre cependanf assez vigoureuses); les articles tarsaux courts 
et trapus, comme l’indique exactement la figure de Herpkn. 
L’abdomen parait ovoide et environ aussi long que les elytres. 
Longueur du corps 6 mill., longeur de l’Elytre 3 mill., largueur 1'/, mill. 


I) Glassification de MELICHAR. 


59 
Proceedings Royal Acad. Amsterdam. Vol XXI. 
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4. Hıymenopteres. 
Tenthredinidae (Chalastogastra). 


Les Terebrants de cette famille sont peu representes sur les 
couches Sannoissiennes d’Aix et les schistes Aquitaniens DW Rorr. 
Tenthredinites bifasciatus d’Aix avait la veination des ailes trop 
enchevetree pour deerire les menus details de lemplacement des 
veines. La forme de Rorr a des antennes rappelant, par leur 
eurieux aspect, celle du genre Pinieola Brebisson. Le reseau des 
veines (nervures) du sp&eimen pe Rorr etant peu net, il est 
prudent d’assigner, pour le moment, & ce fossile le nom de 
Pinicolites (nov. gen.). 


Pinicolites graciosus n. SP. 


Longueur du corps 5'/, mill. 

Les Terebrants Pinieolidae sont de bizarres mouches A scie par 
la morphologie, toute partieuliere, des antennes terminees en fouet. 
Les especes actuelles ont 12 artieles & ces organes. Chez le fossile, 
on ne peut determiner exactement leur nombre. Les caracteres, les 
plus appreciables, se resument comme suit: T&te robuste, un peu 
plus large que le thorax, yeux saillants. Antennes assez longues: 
le 1° article long, eylindrique; le 2° court; les articles suivants 
(assez indistinets, chez le fossile) sont &paissis; le fouet de l’antenne, 
assez long, commence brusquement. La veination des ailes, tres 
froissee sur le schiste, est indechiffrable. La tariere est un peu 
allongee, assez grele. 

Ce Chalastogastra a et& trouve, A Rott, par M. BauckHorn. 


5.  Dipteres. 
Mycetophilidae. 
Genre Tetragoneura Winnertz. 


Ue genre est bien represente dans le sucein de la Baltique. Iln’a 
pas ete signald des schistes d’Oeningen et de Radoboj. Jene l’ai pas 
observe dans le Copal snbfossile et d’origine recente. Le genre 
-Tetragoneura semble ötre rare & Rorr. Tetragoneura sannoisiensis 
Mevnx.') vient des couches d’Aix en Provence. 


!) Bull. de la Soc. Geol. de France, 4e serie, t. XIV; annee 1914, p: 197, fig. 11 


897 


Tetragoneura veterana n. sp. 


Fig. 5. 


Longueur du corps 4'/, mill. Longueur de l’aile 2'/, mill. 

Tete aussi large que le thorax, qui est un peu gibbeux. Ailes 
notablement moins longues que l’abdomen. Bord costal alaire longue- 
ment prolong& apres le eubitus') (Ranıus sec. UomsTock et NEEDHAM). 
Nervule assistante anastomosee & la sous-costale & quelque distance 
de la cellule eubitale qui est subreetangulaire. Petiole de la fourche 
discoidale assez court, fourche posticale (5° et 6° nervures) plus 
longue que la discoidale. 

Le dessus des segments abdominaux devait ätre orne de bandes 
foncees. Les antennes, assez greles, paraissent &tre pourvues d’artieles 
subeylindriques et courts. Les autres caracteres sont indistinets. ?) 
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FIGURES DU TEXTE. 


Fig 1. Aile de Trichoptera gen? 

Fig. 2. Aile de Agallia sepulta, nov. sp. 

Fig. 2a. Aile de A. venosa Fallen. (Copie d’apres MeLicHAR). 

Fig. 2b. Aile de Bythoscopus flavicollis Lin. (Gopie d’apr&s MeLicHar). 
Fig. 3. Antenne de Rhynchites hageni Heyd. (Meun.). 

Fig. 4 Antenne de Pinicolites graciosus n. gen. N. Sp. 

Fig. 5. Aile de Tetragoneura veterana n sp. 


1) Classification de Winnertz: Beitrag zu einer Monographie der Pilzmücken. 
2) Par la forme de sa cellule eubitale et son radius arque (cubitus sec. Winnertz) 
ce curieux Tetragoneura, necessitera, peut-&tre, par la suite, la cr&ation du genre 
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Paleotetragoneura. 
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EXPLICATION DE LA PLANCHE!). 


Fig. 1. Phryganidae gen.? n. sp. (Nevroptera). 
Fig. 2. Pachymerus antiquus Heyden (Meun.) Heteroptera. 
Fig. 3. Agallia sepulta n. sp. (Homoptera). 
Fig. 4. Rhynchites hageni Heyden (Meun.) Coleoptera. 

a. vu du dos. ei 

b. vu de eöte. nn R 
Fig. 5. Pinicolites graciosus .n. gen. n. sp. (Hymenöptera). 
Fig. 6. Tetragoneura velerana n. sp. -4Diptera). 


I) Les cliches ont et&e ex&ecutes par mon distingue ami M. FErD. BAsTIn d’Anvers. 
Les figures du texte sont de Mwe F. MEUNIER. 
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Microbiology. — “Chemosynthesis at denitrification with sulfur as 
source of energy.” By Prof. M. W. Bkiserinck. 


(Gommunicated at the meeting of February 28, 1920). 


In photosynthesis organie matter results from the reduction of 
carbonic acid by light as source of energy; the same takes place 
in chemosynthesis by chemical energy. Organisms with photo- or 
chemosynthesis are called autotrophes; those which feed on other 
organic substances are heterotrophes. The product of chemosynthesis 
is the body substance of the producers, always spore-free bacteria. 

I described chemosynthesis at denitrification with sulfur as source 
of energy, on 16 April 1903 at the 9th Duteh Congress of Natural 
and Medical Science‘). I then thought that in the process a facul- 
tatively anaerobie bacterium was concerned diffieult to isolate by the 
plate-culture method. It was further presumed, that this species pro- 
duced so much organic substance by chemosynthesis that the many 
directly visible bacteria, denitrifying with organic food, might live 
thereon. This supposition has proved to be erroneous; the latter 
themselves are in fact the operators of the sulfur denitrification as 
well as of the chemosynthesis. They are easily cultivated on broth- 
agar or broth-gelatin, but then they lose, and this is the new view, 
their autotrophy together with the power of sulfur denitrification, 
whilst preserving this power with organic food. The loss is caused 
by the growth with organic food and this Icss being hereditarily 
constant, we have a case here similar to that which I described 
earlier for the nitrate ferment, and which I called “physiological 
species formation”). Just as I then distinguished the oligotrophie 
from the polytrophie state we may in this case speak of the auto- 
trophic and the heterotrophie condition of tlie operators®). The hetero- 
trophie form is thus some common denitrifying bacterium. 

On account of the little acquaintance with chemosynthesis acquired 
until now, I will begin with desceribing once more the original 
experiment ‘). 

) Phenomenes de reduction produits par les microbes. Archives Neerland. 
Ser. 2. T. 9, Pag. 153, 1904. 

2) These Proceedings. Vol. 23, Pag 1165, March 28 (10 April) 1914. 

3) As the existence of chemosynthesis is proved with certainty for the sulfur 
denitrification, but not for the nitration, the same nomenclature could not be 
followed in the two cases. , ? mr 

4) An enumeralion of the chief processes accompanied with chemosynthesis is 
to be found in my paper: Bildung und Verbrauch von Stickstoffoxydul durch Bakterien. 
Centralbl. f. Bakteriologie 2te Abt..Bd. 25, Pag. 30, 1910. 
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Arrangemeut and course of the ewperiment. 


If a mixture of sulfur and chalk is introduced into a saltpetre 
solution with addition of some garden soil or canal mud, there will 
soon evolve at room temperature or at 25° to 30° C., a current 
of gas consisting of free nitrogen and carbonic acid. Thereby the 
saltpetre is denitrified, the sulfur is oxidised to-sulfurie acid, found 
back as gypsum and potassiumsulfate, after the formula 

6KNO, +58+ 2CaC0,=3K,S0, +2CaS0,+2C0,+3N, 
whereby per gram of decomposed nitrate about 1 cal. is produced. 
When after some days the process has become intense, the mud 
with the gas rises to the surface, and if the experiment is carried 
out in a flask, the contents can flow out with the gas as a slimy 
mass. This is bacterial slime, which keeps the sediment together. 

If using distilled water with 10 °/, chalk, 10 °/,sulfur, 2 °/, potassium- 
saltpetre, 0.02 °/, bipotassium phosphate, 0.02 °/, magnesium chloride, 
and infecting with a small floccule from the said denitrification, we 
see after some days at 25° to 30° ©. the very same phenomena 
as when using soil, only less intense; so the presence of soil is not 
necessary, but it clearly acts favourably. If the soil or mud is before- 
hand left a few days under a dilute saltpetre solution, so that all 
the organie substances fit for denitrification are removed, the soil 
remains quite as good for the sulfur-chalk experiment, hence the 
organic matter cannot be the cause of the favourable action on the 
process. It seems to result from the presence in the soil of colloidal 
silieie acid and aluminium silicate, which are to be considered as 
catalyzers that hasten the decomposition. So, in a thiosulfate denitri- 
fication the reaction goes on much swifter in presence of chalk and 
bolus (aluminium silicate) than with chalk only. 

The saltpetre solution can be used in tbe most different concen- 
trations. Even in 10°/, solutions in tapwater made to a pap with 
sulfur and chalk, I saw at room temperature a spontaneous, intense 
gas produetion, with slime formation. The gas was nitrogen and 
carbonie acid; nitrogen oxydul seemed quite absent. The slime is 
bacterial slime, for the greater part consisting of different varieties 
of Bacterium stutzeri and B. denitrificans. It is so voluminous that 
its formation can only be explained by admitting that the said bacteria 
themselves produce this slime from the carbonie acid by chemo- 
synthesis. With distilled water the result of the experiment is the same. 
In a closed bottle and with distilled water the process goes on as with 
accession of air, which proves convineingly, that presence of organic 
substance is not required for the development of the rich bacterial 
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flora which eneloses the’chalk and sulfur, and where at last many 
infusoria and monads, that feed on the bacteria, may be observed. 
As said the organie matter of the bacterial bodies must here be 
formed from the carbonie acid, whilst the required chemical energy is 
produced by the oxidation of the sulfur. Consequently this is a case 
of chemosynthesis and no other analogous process is known which 
produces organic substance in a simpler and more profuse way.') 

By decanting and renovating the saltpetre solution as soon as the 
evolution of gas diminishes, the activity returns. ?) This being repeated 
a few times the precipitate changes into a slimy mass, so rich in 
slime-forming bacteria that at heating on a platinum plate in the ' 
Bunsen burner carbon is separated. With eoncentrated sulfurie acid 
carbonisation is also easily demonstrated. As the rate of nitrogen of 
this slime is less than 3 °/,, it must chiefly consist of wall substance, 
which is evidently the chief product of the chemosynthesis.°) It 
results from the carbonie acid after the same formula as the starchı 
in the chlorophyll granules by photosynthesis, thus 

6C0,+5H,0=C,H,0, + 60, 
so that oxygen is set free, which explains the ready course of the 
process in a closed bottle, when considering that all denitrifying 
bacteria require a little free oxygen. 

Just as the organie denitrification, that with sulfur may as well 
take place in the dark as in the light. After pasteurisation no sulfur- 
denitrification or oxydation is observed. 

The quantitative estimation of the carbon fixed by chemosynthesis 
was made as follows. The sediment was treated with hydrochlorie 
acid and later with alkali to remove the chalk and the sulfur, 
whereby certainly a great portion of the organie substance is lost. 
In the remaining preecipitate, which still contains gypsum, the organic 
matter was determined as carbonie acid after the method of HERZFELD- 


1) It is true that chemosynthesis at the oxidation of hydrogen in presence of 
carbonice acid and soil, described by NıkLEwsKY and LEBEDEFF, is as productive 
in organic substance, but the experiment is less simple. 

2) Addition of soda instead of decantation and renovation, also acts favourably. 
Evidently the dissolved sulfurie acid is difficultly neutralised by the chalk of the 
precipitate. ; 

3) See also: A. J. LEBEDEFF, Ueber die Assimilation des Kohlenstofis durch 
Wasserstoff-oxydierenden Bakterien. Berichte d. Deutschen Botan. Gesellsch. Bd 27, 
Pag. 598, 1909. He says that the bacterium can oxidise hydrogen in absence of 
CO,; this, however, is manifestly erroneous. Nor does he take into consideration 
the oxygen produced at the denitrification by the hydrogen of the saltpetre, used 
by him as source of nitrogen. His fear that by using ammonsalts nitrification 
would follow, is under these conditions unfounded. 
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Worrr-DusenerR,') by oxydation with bichromate and sulfurie acid. 
After a culture of about six weeks there was in this way found 
about 0.05 gram of carbonie acid per gram of oxidised sulfur, which 
corresponds to 0.013 gr. of organic carbon.) This quantity, however, 
must certainly be donbled, for at the extraction of the chalk and 
sulfur at least half the weight of the bacterial substance is lost. I 
therefore esteem the production of organic carbon in relation to the 
oxidised sulfur at 2 °/, in weight. 

Old eultures containing much organie matter and in which the 
nitrate has disappeared produce H,S, obviously in consequence of 
'sulfate reduction, and perhaps, too, directly from the still present 
sulfur, whilst the hydrogen wanted for this originates from the 
organie material formed by chemosynthesis. Such liquids finally teem 
with infusoria and monads, and various other members of the so 
remarkable “sulfur-flora” and ‘“-fauna”. 

The ınieroscopical image during the period of chemosynthesis is 
that of very small, partly motile rodlets and micrococei. Spore-formers 
with chemosynthesis do not exist. 


Plate culture. 


The agents of the denitritiication with sulfur were isolated on 
different solid media, but always with the result that the pure cultures, 
grown on organic media did not, or only feebly denitrify inthe an- 
organie mixture; only those of the silicic plates were but slightly 
enfeebled in this function. The media used were: washed agar 
dissolved in distilled water, with salts; or tapwater-agar with '/, °/, 
thiosulfate, 0,1 °/, saltpetre and 0,02 °/, bipotassium fosfate ; or silieie 
plates with the same mixture with or without addition of chalk, 
and finally broth-agar and broth-gelatin. 

If on the media containing organic matter floceules of the sulfur 
denitrification are streaked off and cultivated at 30° C., there appear, 
already within 24 hours, denitrifying colonies which, especially on the 
broth plates grow with a remarkable rapidity. The two or three 
chief species recognisable among the denitrificators may be easily 
distinguished. On the media containing sulfur or thiosulfate 
and chalk, and on the silieie plates, the colonies remain small 


!) F. TIEMANN und A. GäRTNER. Die chemische, mikroskop. und bakteriol. 
Untersuchungen des Wassers. 3te Aufl. Pag. 247, 1889. 

2) The quantity found by Mr. Jacossen at the direet oxidation of sulfur by 
bacteria was of the same order. (Die Oxydation des elementaren Schwefels durch 
Bakterien. Folia Microbiol. Jahrg. 1, Pag. 487, 1912). 
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and cannot be well recognised on account of the opaqueness of the 
medium. Yet I have further examined these colonies by making 
streaks of them on broth-agar plates, always finding that they more or 
less readily develop; colonies failing in this respect I did not find. 

I have also tried to obtain anorganie denitrifications with those 
portions of the streaks on the sulfur- and thio-sulfate plates lying 
between the colonies, but as well in a&robie as in anaörobie condi- 
tion always in vain. Neither mieroscopically nor by colouring, bac- 
teria or microbes of other nature could be found in these parts. 

Hence it follows with certainty that the agents of the anorganie 
denitrification grow to colonies both on the sulfur-chalk and the 
thio-sulfate plates and besides, as will be still further proved below, 
on the ordinary broth plates. The highly improbable hypothesis that 
they might be obligative anaörobes is disproved by these experiments, 
which are, however, well in accordance with the conception that 
by growth on organic matter their power of autotrophy gets lost. 

To compare the broth with tbe thiosulfate medium I made the 
following experiment. 

A platinum wire was bent so as to form at one end a loop, with 
which droplets of the same size could easily be taken up; the other 
end was curved to a circular base, which made it possible to place 
it on the balance and determine the weight of the droplet. Now 
drops of equal size were taken up with this loop from the anorganie 
denitrifications and transported for comparison to a thiosulfate- and 
to a broth-plate. The result was that the number as well as the 
species of the developing colonies were about the same. All the 
colonies grown on the thiosulfate plates, after being sown on broth- 
plates, developed very well, quite in accordance with what was 
observed already for the colonies grown on the sulfur-chalk plates. 

So it is certain that the mierobes causing the anorganie denitrifi- 
cation produce colonies on the organic plates. 

This statement is of partieular interest as the colonies, when 
again transferred ‘to the anorganic sulfur-chalk mixture, do not, or 
only very feebly, denitrify, which means that they have almost or 
quite lost their power of chemosynthesis '). 

This is not only true for the pure colonies separately, but like- 
wise for ihe combinations that may be made of them. Even when 
the whole bacterial mixture on the plates is transported to the anor- 
ganic medium, only a slight or no chemosynthesis or denitrification 


1) In “Untersuchungen über die Physiologie denitrifizirender Schwefelbakterien, 
Sitzungsberichte Heidelberger Akademie. Biol. Abt. 1912”, R. LIESKE has come 
to another result. 
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at all oeeurs. On the thiosulfate plates the germs preserve their 
autotrophy longer than on the broth plates, but there too, this 
| power finally gets lost. The real cause of this loss is not yet quite 
explained. With certainty it can only be said to take place when 
the concerned gerins augment when fed with organic Food. 

Especially on the broth plates at 30° C. the colonies develop 
rapidly. It seems that four or five species are thereby active. Three 
or four denitrify strongly in broth bouillon with 0.1 to 1 °/, potassium- 
nitrate, and they predominate so much that non-denitrifying species 
are not easily found. There is even no surer and easier method to 
obtain bacteria denitrifying with organie food than this anorganie 
denitrification, for although it is often diffieult to isolate the active 
bacteria from the organic denitrifications, this is here by no means 
the case '). 

Among the colonies obtained from the anorganie mixture there 
are, as said, some which do not denitrify with organic food. 
Probably they live in the sulfur-chalk eultures as saprophytes at 
the expense of the organic matter formed by the autotrophes. 

On silieie-thiosulfate-nitrate-chalk plates develop, after two or three 
weeks, yellowish colonies of 1 to 1} mm. in diameter and nearly 
1 mm. high, evidently autotrophie. In the anorganie mixture, freed 
from air by boiling, they cause a vigorous denitrification after 24 
hours at 28° C. already. When sown on broth-gelatin the colonies 
appear to consist of two soft varieties?) of B. stutzeri, which do not 
melt the gelatin and of which one shows the usual structure ; the 
other, the commonest by far, lacks that structure completely, 
nevertheless it resembles B. stutzeri in the other cultural aspects. It 
consists of a white soft mass of extremely small rodlets. In broth nitrate 
both show strong denitrification, especially the soft form, so that it 
is one of the most intensely denitrifyirig bacteria I know. At re- 
inoculation from the organie into the anorganie food we also find 


here that the autotrophy and the power of anorganie denitrification 
are lost. 


!) The most important denitrifying soil bacterium, the spore-forming Bacillus 
nitroxus, loses its denitrifying power quite or partly by growing on a&robic plates. 
Other species, such as Bacterium pyocyaneum, B. stutzeri, B. denitrofluorescens 
preserve, in aörobic plate cultures and in the collections, their denitrifying power 
unchanged for years. 

?) In reality there are three varieties, but the third which shows the character 
of the ordinary tough, folded colonies of B. stutzeri, is rarer. — It must be 
admitted that the difference between the soft colonies and the typical B. stutzeri 


is, superficially, considerable, and I think that many other observers would bring 
them to distinct species. 
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The principal species. 


The colonies from the sulfur-chalk denitrifications, which develop 
on the broth plates are for a part coloured yellow or reddish brown 
by carotin‘), for the greater part, however, colourless. The brown 
species is a Micrococeus; it liquefies the gelatin and the mierococei 
differ much in size; the smaller ones are highly motile, but they 
lose their motility when transferred to broth-agar, whereby their 
denitrifying power, too, disappears. The yellow species is related to 
the brown and consists of small very motile rodlets. Here also the 
same variability. 

The uncoloured colonies are of two types: soft, and tough or slimy. 

All the soft ones liquefy the gelatin on which they grow intensely ; 
sugars are not fermented, no fluorescence; they belong to three 
classes different by their size: 1. Extensive, rapidly growing, strongly 
denitrifying. 2. Middle sized, less rapidly growing, as strongly deni- 
trifying. These two classes are allied by intermediate forms and 
may be brought to one single species, Bacterium denitrificans. 
3. Very small and feebly growing, non-denitrifying bacteria, manifestly 
living at the expense of organic food produced by the other species 
through chemosynthesis. 

With the pure cultures on an organic medium of the second form, 
I have succeeded in obtaining very feeble anorganic denitrifications, 
hence, chemosynthesis. This could, however, only be observed in the 
quite young cultures that had but for a short time grown on the 
broth medium. Cultures which have longer than two or three days 
been in contact with organie food and the air, can no more denitrify 
with sulfur and chalk, but still very well in saltpetre broth. For 
demonstrating the anorganie denitrification, test tubes are partly filled 
with mud, previously deprived of organic matter by keeping the mud 
under a saltpetre solution. To the mud sulfur and chalk are added and 
subsequently 1 °/, saltpetre; the dissolved oxygen and the germs are 
removed by boiling; sterilisation is not wanted, as spore-formers 
with chemosynthesis do not exist. 

Entrance of air is prevented by a hollow glass sphere, well fitting 
in the tube and floating on the liquid, but this precaution is not necessary. 

With the pure cultures of the soft colonies I could not obtain 
any evolution of gas in this mixture, they manifestly lose their 
autotrophy still sooner than those of the second group. 

The more or less tough, or slimy, or cartilaginous colonies belong 


ı) This pigment is soluble in CS, and turns blue or violet with concentrated 


sulfurie acid. 
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all to Bacterium stutzeri, if taking the conception of species in a broad 
“sense; superficially there is a great difference between the colonies 
of this group. The usual form, which is very remarkable and 
easily recognisable by the shape of the colonies, has been described 
in these Proceedings by Professor van Irerson '). Even in the smallest 
tloceules of the sulfur denitrifieations some form of D. stutzert is found, 
although the soft colonies prevail. But besides, ‘otber varieties 
of B. stutzeri oceur, for example such which slightly liquefy gelatin, 
or such which are light brown or rose-coloured, or whose colonies lack 
the so ceharaeteristie structure, and again others with that structure, 
but wanting the denitrifying power. There are, too, intermediate 
forms between the tough and the soft elass, and I think it possible 
that they ‚originate from each other by mutation. 

That Bacterium stutzeri in the anorganic denitrifications possesses 
autotrophy, follows from the above described experiment with the 
silieie plates. But this may also be proved for colonies of “organic” origin, 
if only the right moment be chosen for experimenting with them. 
In the organie plate cultures the autotrophy of this species gets 
however rapidly lost. Only with quite fresh colonies, grown on 
thiosulfate-agar plates, and transferred to the anorganie medium, just 
at the time of their becoming visible a feeble but distinet anorganie 
denitrification could be obtained, which continued during several 
days with the same degree of intensity, only much feebler than the 
spontaneous denitrification. So it seems proved that the autotrophy 
does not disappear as an indivisable factor, but ınay get lost in parts. 

That the autotrophy is really lost in the originally active colonies, 
is corroborated by the fact that not only the single colonies of the 
organic plates, but likewise the combinations of the colonies of the 
different species are quite inactive. Even all the colonies of broth- 
agar plates together, mixed with the undeveloped germs Iying between 
them, do not produce any denitrifieation in the anorganic mixture. 
And this must be true for all the different species which produce 
anorganic denitrifications and evidently possess the power of chemo- 
synthesis in their natural habitat. 

‚This form of variability is obviously analogous to that of the 
nitrate ferment, which I formerly described?) and as said called 
physiological species-formation. In both cases a new elementary 
species is produced. It is remarkable that a number of species Or 
varieties living under the same conditions are subject to this trans- 


N) Ophoopingsproeven met denitrificeerende bakteriön. Acad. ofscienees. Amster- 
dam, July 1902. 


?) Ueber das Nitratferment und über physiologische Artbildung. Folia micro- 
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formation, and that between the prineipal form and the one that has 
completely lost its original character, some feebly denitrifying inter- 
mediate forms are found, which may be compared to subspecies. 

Taking B. denitrificans as an example we can speak of B. deni- 
Inificans autotrophus and of B. denitrificans heterotrophus, the change 
being possible only in one direction, at least with our present 
knowledge. 

This change is not a mutation in the accepted sense, as thereby 
the primitive stock continues to exist with the mutant under the same 
conditions under which the latter was formed. Here on the contrary 
all germs change simultaneously, so that in this case we have to do 
with a hereditarily constant modification, comparable to the pleomorphy 
of many Fungi, and to a certain extent, to alternation of generation. 
Comparable also to the production of somatie cells from germ cells 
during the ontogony of higher animals and plants, a fact certainly 
of general physiological signification. But modification and mutation 
are conceptions not sharply distinguishable and gradually related. 

Another case of variability, similar to the loss of chemosynthesis by 
feeding with organic substances, I observed in various lower Algae 
respecting photosynthesis. For a long time I have been cultivating the 
sonidia of the lichen :Xanthorea parietina, which are identical with the 
Protococcacee Cystococcus humicola. The first isolation was made by 
streaking off the said lichen, rubbed to a mash, on pure agar with 
salts and eultivating it in light. The thus obtained green, pure colonies, 
develop very readily as well in the light as in the dark on maltextract- 
agar and form large green miasses, * which, however, in course 
of time completely lose the power of photosynthesis, so that neither 
on agar with salts, nor in anorganie liquid media any growth takes 
place. Microscopically no difference is to be seen between the inac- 
tive chloroplasts of these cells and the active ones of normal Cysto 
coccus cells. 

The very same I observed in cultures of Pleurococeus vulgaris, 
isolated from the bark of trees and long cultivated on maltextract- 
gelatin, on which it grows vigorously in the dark without losing the 
green colour. Hence it is clear that for photosynthesis the presence 
of ehlorophyli in the living protoplasm is not suffieient, but the process 
requires still another factor, which may get lost through eultivation 
with organic food. 

The greater part of the chlorella’s of Aydra viridis, undoubtedly 


biologica, 3e Jahrg. Heft. 2, Pag. 1, 1914. Recently I found that the ferment 
which produces nitrous acid from ammonium salts behaves in the same manner 
and changes, when fed with organie food into a saprophytous non-nitrifying form 
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belonging to the so easily cultivable species Chlorella vulgaris, lose, 
when out of the Hydra body, howsoever fed, as well the power of 
photosynthesis as that of growth, so that it is very diffieult to 
cultivate them. So, here is a case where change of food causes the 
loss as well of the function of photosynthesis as of that of growth. 


CONCLUSION. 


Some of the common denitrifying bacteria, such as B, denitrificans 
and B. stutzeri (these names taken in a broad sense), and probably 
some other species, may occur under two physiologically different 
modifications, which are hereditarily constant, when their feeding 
conditions remain unchanged. One form, the autotropie, is adapted to 
the anorganic medium (sulfur- or thiosulfate-chalk-nitrate) and shows 
chemosynthesis; the other, the heterotrophie forın, requires organie 
food. They may be compared to the oligotrophie and the polytro- 
phie condition of the nitrate ferment. Intermediate forms, feebly 
. denitrifying in the anorganice medium, also occur, hence the 
autotrophy may be lost gradually. 

The heterotrophie forms preserve the power of denitrification with 
organic food. 

The nitrite ferments of the ammonium salts are also related to 
hereditary modifications with the character of saprophytes, living on 
organic food and unable to oxidise ammonium salts. 

Great changes in the nature of the food may thus be the cause 
of hereditary modifications of certain factors, and this seems to throw 
some light on the causes which underlie ontogony. 


Mathematies. — “Complexes of Plane Cubies with Four Base 
Points”” By Dr. K. W. Rursers. (Communicated by Prof. 
Jan DE VRrıes.) 


(Communicated at the meeting of January 31, 1920). 


1. The image of surface %, of the 5tl order with a double 
ceurve E of the th order on a plane 77, is formed by the above 
mentioned complex S of plane cubies. By the aid of this surface 
P, the following properties are derived ''): 

a. The triple point U of W, is represented in 77 by 3 points 
O,, 0, O,; together these define a net out of S. \ 

b. The double curve Z corresponds in IT to a curve @ of the 
-6:h order with double points in the base points A,, A,, A,, A, and 
in the points O,, O,, O,. The points of © are associated to each 
otber two for two; © is therefore hyperelliptic. On £ lie 8 pinch- 
points, corresponding to 8 points on ©. 

c. The envelope of the joins of the associated points of 9 is a 
conie A, inseribed in the triangle O,, O,, O, and intersecting © in 
6 points. 

d. On W, lie five systems of eonies and ive systems of plane 
eubies, which form together with the conies complete plane sections 
of W,. The curves of one of these latter systems are represented in 
I by the straight lines joining two associated of ©, hence by the 
tangents of A. 

e. The bitangent planes (containing a conie and a plane cubic) 
of one system envelop a surface of class 3 and order 4. The 
contact eurve of this is of order 7 and passes through the 8 pinch 
points of E. To this curve corresponds in IT a curve of the 5th 
order, c,, the locus of the points of intersection of the tangents to 
A with the corresponding conie through the base points. The curve 
c, has double points in A,, A, A, A, and passes through the 8 
points ©. | 

Six conies through A,, A, A,, A, touch the corresponding tangents 
of A; the points of contact are images of parabolical points of W,. 

f. The curve © has 32 tangents in common with A; 8 ofthem 


I) CaPoRALI, Sulla superficie del quwinto ordine dotata di una eurva doppia 
del quinto ordine, Annali di Mat. (2), 7 or Memorie di geomelria, p. 1. 
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are the tangents at the points w; the others are tangents of ©, con- 
taining two associated points. 

g. The parabolie curve of W, is of the order 20 and corresponds 
in IT to a curve of the 12" order c,, with quadruple points in 
A, Ay, An As; 6, and c, eut each other 28 times; 12 of the points 
of interseetion are in the 6 points of contact of c,, and c,; 16 lie 
in the 8 points w, where c,, has double points. 


2. Any point in IT is double point of one curve of 5. The 
envelope of the double point tangents of the nodal curves which 
have their double points on a straight line /, is of the T:h elass !); 
it has 14 tangents in common with A, hence on / lie 14 points 
for which the nodal curve with a double point in one of these 
points, has a double point tangent touching A. It is easy to See, 
that to these 14 points also belong the 5 intersections of / and c,. 
The locus of the remaining points is therefore a curve c, of order 9 
with nodes in A, 4A, A, 4,; it is tbe image of the locus of the 
points of inflexion of the plane cubics on %,, represented by the 
tangents of A’). The locus is a curve o,, Of the 19h order. 

3. In connection with the last remark it ensues from this, that 
in the 8 points & c, has tangents which are at the same time 
tangents of A. In these 8 points c, and © touch. The tangents in 
the nodes A,, A,, A,, A, are the tangents from these points to A. 

Each plane cubie of %W, has 3 points of inflexion B’,, B’,,B’,, 
Iying on one line b’. Bach d’ cuts #, in 2 more points P’,, P’,, 
so that the ruled surface, formed by these straight lines, intersects 
the surface W,, besides in the locus of the points of inflexion, in 
a complementary curve o, the locus of the points P’,, P'.. 

In IT the images B,,B, DB, of the points B’,, B’,, B’, lie on 
one tangent to A, the images P,, P, of the points P’,, P’, on the 
corresponding conie through A,, A, A, A,. On any such a conie 
there cannot lie more than two points P. If the locus %k of the 
points P is of order & and passes 7 times through each base point Ar, 
we have 25—4y — 2or $—297 —1 (1). 


4. The curves c, and c, interseet, besides in the base points, in 
29 points, to which the 8 points & belong. 


') Jan DE VRrıEs, Null Systems Determined by Linear Systems of Plane 
Algebraic Ourves. These Proc. Vol. XXI, No. 3, p. 156. 


*) See my paper: Versl. Kon. Akad. v. Wet. XXVII, p. 791. 
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Now a conie k, and a plane cubie k, of %,in a plane V interseet 
in 6 points, 4 of which belong to the double curve Z; the other 
{wo are represented in /7 by a pair of points Q,, Q, of c,. IEnow 
e.g. Q, is at the same time a point of c,, it means, that on Y, the 
corresponding point -Q’,, intersection of %k, and %,, is either a point 
of inflexion of &, in V or a point of inflexion of the second eubie 
k', (lying in a plane W), passing through Q,. We can distinguish 
the following cases: 

a. Q, is a point of inflexion of k, in V. The three points of 
inflexion of %, lie on a straight line through Q’,, which cuts k, in 
1 more point. Q’, is therefore also a point of oe, in other words: 
there are a number of points in 7 through which the curves, c,, 
c, and %k all pass. 

b. @’, is a point of inflexion of A’, in W. As V is tangent plane 
at Q’,, the inflexional tangent of A’, must’ lie in V and there form 
one of the principal tangents; it is therefore a tangent either of %, 
or of &.. 

a. If the inflexional tangent is also tangent of k, at Q’,, it inter- 
sects k, as well as k, in one more point. The conie in W must eut 
V in these two points, but this is impossible, because two conics 
of #, do not intersect. 

ß. If the tangent at the point of inflexion Q', is also tangent to 
k,, %, has in @', two points in common with %,; that means that 
in IT the tangent at Q, to the conic through Q,, Ar is again a 
tangent to A. 

If we draw out of a point O the tangents to the conies of the 
peneil (A,, A,, A,, A,), the points of contact lie on a curve of the 
3'd order, passing among others through the base points of the 
pencil. This cubie intersects c, in 15—4.2 = 7 points; consequently 
the envelope of the tangents to the conics at their intersections with 
c, is of class 7 and has 14 tangents in common with A. 

To them belong the 6 tangents in the 6 points where the conies 
and the corresponding tangents of A touch. (See 1°). There are 
therefore 8 points of intersection of c, and c, that are not points of 
k. Accordingly 13 of the 21 points of intersection also belong to %, 
while 4 can have no further intersections with c,. 

From this follows 55—8n = 13 (2), which equation in combination 
with (1) gives &=9 andn=4. The curve og is therefore represented 
by a ceurve %, of order 9 with quadruple points in Az. It is itself 

of order 11. 


5. The conies through Az cut k, in a g',, so that k, (of genus 4) 
60 


Proceedings Royal Acad. Amsterdam. Vol. XXI. 
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is hyperelliptie; this is also the case with o,, and (he joins of the 
corresponding points form «a ruled surface R, of which the plane 
sections are rational; for if we project g,, out of an arbitrary point 
on a plane, there arises a hyperelliptie c,, of genus 4. The joins 
of the g’, on a hyperelliptie curve of order m, genus p, envelop & 
rational eurve of class m—p—1, hence in our case a curve of 
class 6‘). The points of this envelope correspond one for one with 
the points of a plane section of At; these curves are therefore also 
“rational. At the same time it appears from the projection that the 
order of R is sie; R cuts W, in o,, and o,,. The double curve 
D of R, is of the 10: order. 


6. The interseetion of 7, and AR, has double points among 
others in the 30 points of intersection of E with R,. Now o,, has 
8 double points in the- pinch points of EZ; the remaining 22 are 
intersecetions of e,, and g,, on Z; in IT c, and k, cut the curve © 
each in 22 points, which are associated points of ©. 

The intersection of %, and R, has also double points in the 13 
points which are represented as common points of c,, c, and &,. 
In these points the two surfaces touch. Finally double points arise 
in the 50 intersections of D with %,. Now c, and %k, in 7], hence 
0, and E,, on %,, interseect in 36 more points. The other 14 must 
be real double points of e,,, therefore also of c,. Through each of 
these latter points pass 2 straight lines of R,; they are the points 
where the two cubies of W, of the same system have a point of 
inflexion. 

On the surface W, for each system of cubics 14 points can be 
found where Ihe two cubics through these points have points of 
inflexion ; Or: 

There are 14 points where the principal tangents are the inflexional 
tangents of two cubics of the same system through that point; or: 

In D there are 14 points such that in the net of the curves 
out of S through ome of these points X, the degenerations 
AA, AA, X4A, XA, belong to the same system. ?) 


I) BERTINI, La geometria delle serie lineari sopra una curva piana secundo 
il metodo algebrico. Annali di Mat., (2), XXII, p. 894, pe 


?) See my paper: Versl. Kon. Akad. v. Wet., XXVIl, p. 797 and 798. 


Physiology. — “Experimental Influence on the Sensitivity of varı- 
ous animals and of Surviving Organs to Poisons”.15t Part. By 
W. SToRM van LEEUwEn and Miss CO. van DEN Brouke. (Com- 
municated by Prof. R. Macnts.) 


(Communicated at the meeting of January 31, 1920). 


In a previous paper‘) STORM van LrkuUwENn has shown that in the 
serum and in the tissues of various animals there are substances — 
called by him free chemoreceptors — that are capable of adsorbing 
alkaloids. On the basis of these researches he came to the conclusion 
that the sensitivity of various animals to povisons — particularly 
alkaloids — does not depend only on the sensitivity of the organs 
acted upon by the poisons, but also on the number of “free chemo- 
receptors’’ ”) present in the body. 

In these experiments he had repeatedly to ascertain the influence 
of pilocarpin and of mixtures of pilocarpin and serum on surviving 
cat-guts. Thereby it appeared that, as a rule, a dosis of pilocarpin 
administered after previous treatment of the gut with serum 
exerted a stronger influence than before this treatment. In the 
experiments reported in this paper we have studied this problem 
more systematically, and in so doing we have arrived at the con- 
elusion that this serum may have a twofold influence: when e.g. 
rabbit’s serum is mixed with pilocarpin, this combination will affeet 
the surviving gut much less than pilocarpin alone would do, because 
rabbit’s serum, as mentioned before, contains substances that adsorb 
pilocarpin; if, however, we add to the solution in which the gut is 
suspended, first pilocarpin, subsequently serum and finally, after washing 
out the serum, again pilocarpin, the second quantıım of pilocarpin 
will exert a stronger influence than the first. It follows, therefore, 
that’ besides the substances that can adsorb alkaloids, i.e. free or 


u) W. Storm VAN LEEUWEN. Sur l’existence dans le corps des animaux, 
de substances fixant les alealoides. Arch. Neerland. de Physiologie T. Il, p. 650. 1918. 

2) Afterwards we deemed it better to call these free chemoreceptors “secondary 
chemoreceptors” in contradistinetion to “dominant chemoreceptors”. 
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secondary chemoreceptors, there must also be substances present in 
the serum, that intensify the action of poisons like pilocarpin on the 
surviving catgut (of course it is possible that these two substances are the 
same). We considered it of great importance to ascertain whether 
this phenomenon was an isolated instance or one out of many. In 
order to make this out we first of all ascertained whether, besides 
serum, there are other substances that exert a similar intensifying 
influence on pilocarpin and on other poisons, and secondly we did 
not eonfine ourselves to tlıe study of the influence of poisons on 
surviving organs, but we have also examined the influence on the 
intact animal. In this first communication we will report only the 
results of our investigations of the surviving gut. 


Influence of rabbit’s serum on the sensitivity of cat-guts to 
pilocarpin. 


In this set we experimented on the surviving cat-gut and always 
took — as in previous researches — strips of the small intestine 
of a cat, from which the mucosa had been removed. The intestine 
was opened along the place of insertion of the mesentery and after 
the mucosa had been removed a piece was cut off on eitber side 
of the place of insertion, so that only the contractions of the longi- 
tudinal fibres and not those of the circular fibres were registered. 
Guts treated in this way are peculiarly appropriate for a quantitative 
inquiry into the action of poisons. There is moreover the advantage 
that in the ice-box they keep good for days. 

The sensitivity of guts treated in this way varies considerably. 
Sometimes at the first administration they react on the small quan- 
tum of 0,01 mgrms of pilocarpin, but at other times much larger 
quanta, up to 1 mgr. are required. However, after washing out the 
first doses and adding again pilocarpin every time, the sensitivity of 
the gut will, in most cases, augment considerably. We found that 
when this process of repeated washing and again administering the 
poison is prolonged sufficiently, the sensitivity of the gut will at 
length be such as to present a contraction with doses of about 
0.01 mgrms of pilocarpin added to 75 ccm of Tyrode. When this 
condition is arrived at, the successive equal doses of pilocarpin—washed 
out after three minutes every time — produce an equal effect, and 
only then did we administer serum to examine its influence upon 
the sensitivity of the gut. It is essential to call particular attention 
to this proceeding, for it stands to reason that in the initial stage 
of the experiment, when the gut reacts only on large doses of pilo- 
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carpin, not on the small’ones, the chance of augmenting the sensi- 
tivity by the aid of some substance or other, is much greater than 
at the terminal stage, when the gut has of itself reached its maximal 
sensitivity to pilocarpin for that day. 

In twenty cases we added serum (either serum alone or serum 
and pilocarpin) to the gut, when it had obtained its constant sensi- 
tivity to pilocarpin. The serum and the pilocarpin was then removed 
by washing, after which the same dosis of pilocarpin that had 
previously yielded a constant result, was administered again. In 15 
out of these twenty cases the pilocarpin action was stronger after 
the serum than before (four times the reaction was much stronger, 
five times distinetly stronger and six times only slightly so). Once 
the action remained the same and four times the second dosis had 
less effeet than the first. 

An instance of a considerable increase of the pilocarpin action 
through serum is shown in Fig. 1. 


Fig. 1. Influence of rabbit's serum on the action of pilocarpin upon the 
surviving small intestine of the cat. 

a. 0,04 mgrms of pilocarpin yields a moderate contraction. 

b. 0,4 cc. of rabbit’s serum + 0,4 mgrms of pilocarpin yields a strong contraction- 

c. 0,04 mgrms of pilocarpin yields a stronger contraction than in «. 
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In this case the gut had after the administration of pilocarpin 
reached ultimately such sensitivity that 0.04 mgrns. of pilocarpin 
produced a distinet action, within 3 minutes (a). After this the pilo- 
carpin was washed out; then 0.4 ccm. of rabbit’s serum was given 
to which a dosis of pilocarpin had been added (d). Thereupon the 
gut evinced large contractions (the magnitude of this deflection is 
immaterial to this investigation). After this serum-and pilocarpin had 
been removed by washing, again 0.04 mgrms of pilocarpin was 
given (c), and as appears from the figure the action of this dosis 
was much stronger than before. 

After it had thus been proved that serum is capable of increasing 
the action of pilocarpin (which in fact was known from our previous 
experiments) we have tried to find out which constituent of serum 
was responsible for this action. To this end we have investigated 
some substances. 


Influence of choiesterin on the sensitivity of 
the cat-gut to pilocarpin. 


In four cases we examined the action of a cholesterin-emulsion 
on the sensitivity to pilocarpin; in all of them the result was positive, 
twice the administration of cholesterin produced a much stronger 
pilocarpin-action than before; once it was distinetly stronger and 
once appreciably stronger. Figs 2 and 3 represent two instances of 
a distinetly increased action. 

After repeated addition of pilocarpin to the solution in which the 
gut had been put (Fig. 2) and then washing it out again, the sen- 
sitivity of the gut had eventually become constant and the gut had 
reached a distinet contraetion with 0,1 mgrm. of pilocarpin (a). 
After this pilocarpin had been washed out and the gut had been put 
back again in the vessel of 75 ccm. (which was always used for 
our experiments), 0,2 cem. of cholesterin emulsion was added to 
this vessel (5); the gut did not show any reaction. This cholesterin 
was left in the vessel and then again 0.1 mgr. of pilocarpin was 
added (c). The pilocarpin action is then seen to increase considerably. 
In fig. 3 the course of the experiment was somewat different. Here 
the sensitivity of the fragment of the small intestine was such as 
to show a very distinet reaction on 0.03 mgr. of pilocarpin in 
75 ccm. of Tyrode liquid (a). 

It is our custom when the gut has been affected by a poison, to 
transmit it from the 75 cc. vessel to one of 150 cem. capacity, in 
which the poison is then washed out. 
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Fig 2. Influence of cholesterin on the pilocarpin-action. 


j 
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Fig. 3. Influence of cholesterin on the pilocarpin-action. 
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In the experiment we are going to deseribe now, 0,5 ccm. of & 
cholesterin emulsion was added in the 150 eem. vessel, in which 
the gut remained in contact with the cholesterin-emulsion for 
15 minutes and was then washed out. After 15 minutes 
the gut was transmitted to the vessel of 75 cem., and after a 
few minutes again 0,03 mgr. of pilocarpin was poured into the 
vessel, as had been done before (5). From fig. 3 we again see 
clearly that the resulting pilocarpin action is much stronger than it 
had been before. On the basis of these experiments and of others 
proceeding in the same way, we must conclude that the cholesterin 
is capable of increasing the pilocarpin-action, as well when the 
cholesterin and the pilocarpin are added simultaneously to the gut, 
as when first the cholesterin is added, then tbe cholesterin is washed 
out, and subsequently pilocarpin is administered. This phenomenon 
cannot be considered as an instance of ““potentiation”” (BÜRGE), it 
being rather a sensibilization of the gut through cholesterin and serum. 


Influence of lecithin on the sensitivity of the cat-gui 
to pilocarpin. 


We now -proceeded to find out the action of another constituent 
of serum, viz. lecithin. 

In our first experiments it really appeared that lecithin as a rule 
had a reinforeing influence; afterwards, however, we were able to 
repeat this experiment with very pure leeithin ') prepared from 
brain-substance. It then became obvious that this very pure leeithin 
produced a less constant action than the impure substance we had 
used before. Fig. 4, however, shows again that pure leeithin can 
also intensify pilocarpin action. Here 0,01 mgr. of pilocarpin had 
only an inappreciable action (a). After this pilocarpin had been 
removed, again an equal quantum of pilocarpin was put in the 
vessel holding 75 ccm. of Tyrode solution (b) and after the pilo- 
carpin had acted for about 4 minutes, a drop of a 5°/, leeithin- 
emulsion was added, on which the gut immediately reacted by 
strong contractions. After this lecithin plus pilocarpin had been 
washed out again, a drop of lecithin was added to the gut to show 
that of itself this substance had no effect upon the movements of 
the gut (c); this lecithin was left in the vessel; ‚again 0.01 mgr. of 


') We wish to acknowledge the kindness of Dr. LEvENE of the Rockefeller 


Institute in putting at our disposal this leeithin as well as quanta of cerebron 
and other substances to be mentioned lower down. 
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pilocarpin was added, again an increased action of the pilocarpin 
was the result. Fig. 4, however, does not illustrate a typical instance 
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Fig. 4. Influence of lecithin on the pilocarpin-action. 
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of leeithin-action because, as already mentioned, in many cases the 
leeithin was inactive. We examined this in 13 experiments, 5 of 
which yielded positive results, i.e. 5 times the lecithin intensified 
the pilocarpin-action; 6 times, however, the result was negative, 
once -it was doubtful and in one case the pilocarpin-action had 
weakened after the lecithin. 

We see, then, that though lecithin undoubtedly intensifies the 
pilocarpin-action in some cases, this does not occur always. For the 
present we cannot state the reason. The explanation may lie in this 
that — as said above — we invariably added lecithin only when, 
after a repeated addition of pilocarpin, the gut had obtained its 
maximal sensitivity to this poison. Probably the lecithin would 
intensify the pilocarpin-action with greater regularity, if it were 
administered in an earlier stage, when the gut is still less sensitive 
to this poison. In that stage, however, it would be impossible to 
obtain accurate results. 


Influence of cerebron on the sensitivity of the cat-gut to pilocarpin. 


The influence of cerebron on the pilocarpin-action had to be 
examined in two directions, as was the case also with the influence 
of Witte’s peptone, to be discussed lower down. STORM VAN LEEUWERN’S 
inquiry, alluded to above, had shown that rabbit’s serum, and also 
organs of the rabbit, contain substances capable of adsorbing pilo- 
earpin physically. 

Endeavours to determine the nature of these substances have 
failed up to now. It appeared from the inquiry referred to that 
cholesterin and lecithin are not the substances looked for. 

It was necessary, therefore, to examine also cerebron (and Witte’s 
peptone) in this direestion. We proceeded as follows: we waited till 
the gut’s sensitivity to pilocarpin ‘had become constant; then pilo- 
carpin was administered and subsequently pilocarpin + cerebron 
and finally again pilocarpin alone. In this way we could ascertain 
whether the addition of cerebron to the pilocarpin-solution (the 
cerebron was in contact with the pilocarpin for from !/,—2 hours, 
before it was added to the gut) lessens the action of it, and we 
could also ascertain whether, after the cerebron + pilocarpin had 
been washed out again, the following dosis of pilocarpin acted more 
foreibly than before, whereby it could be proved whether or no 
cerebron intensified the action of pilocarpin. 

Because only a small quantum of cerebron was at our disposal, 
we undertook only three experiments. It appeared from them that 


921 


cerebron is not capable, of adsorbing pilocarpin, but that it has 
distinetly a slightly favourable influence upon the pilocarpin-action. 
This is shown in figs. 5 and 6. 


\ 
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Fig 5. Influence of cerebron on the pilocarpin-action, between 5b and c the 
gut was washed out in a vessel of 150 cc. of Tyrode-liquid, which contained 
1 ec. of 1%), cerebron-emulsion. 


Fig. 6. Influence of cerebron on the pilocarpin-action. 
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In fig. 5 0.01 mgr. of pilocarpin had a distinet action (q), which 
became slightly less, when pilocarpin was given the second time 
(6). Then the gut was washed out in 150 ce. of Tyrode, to which 
1 ce. of 1°/, cerebron-emulsion was added. Then the gut was removed 
to the vessel of 75 ce. Tyrode and again 0.01 mgr. of pilocarpin 
was added (c); the subsequent contraction was obviously larger than 
before. 

The process of the experiment of Fig. 6 was different; 0.01 mgr. 
of pilocarpin yielded a distinet action (a); after this dosis had been 
washed out 0.01 mgr. of pilocarpin was administered that had been 
dissolved for more than an: hour in a 1°/, cerebron emulsion, (b); 
the subsequent contraction of the gut was of precisely the same 
magnitude as ‘before, which proves, therefore, that cerebron: does 
not inhibit the action of pilocarpin. After the pilocarpin + cerebron 
had been washed out, again 0.01 mgr. of pilocarpin was given (c), 
which, as in Fig. 5, yielded a greater contraction than before. 
‘ The same result was achieved in a third experiment with cerebron. 


Influence of Witte's peptone on the action of pilocarpın upon. -. 
the gut. 


As in the case of cerebron two points had to be settled also regard-- 
ing peptone viz. the capacity of adsorbing pilocarpin and of inten-- 
sifying the action of pilocarpin. We deemed it possible that Witte’s‘ 
peptone (a mixture of albumoses) might adsorb pilocarpin, because 
ABEL!) has shown recently that albumoses oceur in normal serum, 
which in themselves are not poisonous, but are capable of adsorbing 
poisonous substances. 

The investigation of. “peptone” proceeded in the same way- as 
that of. cerebron. The adsorptive property of peptone appeared to: 
be very weak, but its intensifying effect on the pilocarpin-action is: 
most strongly marked, as shown in fig. 7. sd 

In the experiment illustrated by this figure 0.05 mgrm of. pilo- 
carpin was administered three times running (a, b, c), and the sub- 
sequent deflections of the gut were exactly the same in these three. 
cases; after the pilocarpin had been washed out and the gut was. 
again put back in the vessel of 75 cem., '/, ce.1°/, Witte’s peptone 
was added to this vessel to demonstrate that this substance of itself 


) J. ApeL. On the presence of histamin (ß-iminazelylethyl amin) in the: 
hypophysis cerebri and other tissues of the body and its oceurrence among the 
hydrolitic decomposition of proteins. Proc. Amer. Soc. for pharm. and exp... 
Therap. Journ. Pharm. and exp. Ther. vol. XIIL, p. 511. 1919. 
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did not exert any influence upon the gut (d). Subsequently, again 
0.05 mgr. of pilocarpin was added, and the following contraction is 
much larger than before the addition of peptone. After this had 
been washed out again 0.05 :mgr. of pilocarpin was given. This, 
however, had been mixed an hour before with a 1°/, peptone-solu- 
tion, and the result was a weaker action of the pilocarpin than 
before (f), so that the peptone must be assumed to have adsorbed 
a small portion of the pilocarpin. After this had been washed out 
pilocarpin alone was given again twice (g and /h). In both cases the 
action of pilocarpin was increasing, which proves conclusively that 
the peptone possesses in a marked degree the property of intensi- 
fying the pilocarpin-action. This experiment also gives evidence that 
peptone is capable of exerting this action 1 when both peptone 
and pilocarpin are in contact with the gut and 2 when the peptone 
has first been in contact with the gut, and is subsequently washed out. 

In all we performed 16 experiments with peptone, in 5 of which 
the pilocarpin-action after the peptone was much stronger than 
before; 7 times the action was appreciably stronger; twice slightly 
stronger; twice equal and in only one case it was weaker. How- 
ever in this case it got stronger again after adding pilocarpine a 
few times, so that in 14 out of 16 cases peptone had an intensifyng 
influence upon pilocarpin. 

While this investigation was in progress, it appeared from other 
inquiries performed in this institute that peptone does not only in- 
tensify the pilocarpin-action on the gut but under certain conditions 
also intensifies the action of adrenalin upon the blood-pressure in 
the cat. In this inquiry we also detected that a similar effect was 
produced also by a dialysate of peptone. This induced us to investigate 
these dialysates also with respect to their effect upon the gut, which 
to our surprise proved to be different from that of peptone itself. 

This effect of the ‘“peptone’” dialysate is manifest in fig. 8. In 
the experiment which it illustrates first 0.1 mgr. of pilocarpin is 
given some times running (a, b,c). The effect was the same every 
time. Then the gut was washed out not in a pure Tyrode-solution, 
but in one that contained a small quantum of dialysate, viz. a 
quantum that on analysis proved to contain 0,125 mgr. of nitrogen. 
In fig. 8 it may clearly be seen that the consequence of it was 
that the subsequent pilocarpin dosis had a weaker effect than before 
(d). After the action of the pilocarpin had continued for 3 minutes, 
the gut was again washed out in the vessel that contained besides 
the Tyrode also dialysate; the consequence was that the subsequent 
pilocarpin-action was less again (e); thereupon the gut was washed 
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out in pure Tyrode solution, and the subsequent pilocarpin doses 
had about the same effect (f,g) as before the dialysate was added. 

We call special attention to the eircumstance that in this case 
the dialysate of Wırre’s peptone had an opposite effect to that of . 
peptone itself. This is the more remarkable since, in experiments on 
the blood-pressure in the cat to be reported afterwards, we found 
that the adrenalin-action is influenced in the same-way by peptone 
and by dialysate. 

We now proceeded to study the influence of Witte’s peptone on 
another poison, viz. cholin. It appeared that the cholin-action was 
the same before and after the addition of peptone. It should be 
noted, however, that the curve showing the relation between the 
concentration and the action of cholin is not by far so steep as that 
of pilocarpin, which means that slight alterations in the dosis of 
cholin have not nearly so much influence upon the contraction of tlıe 
gut as is the case with pilocarpin. It may be, then, that the peptone 
indeed exerts a slight influence in this respect, but that this influ- 
ence does not manifest itself in consequence of the peculiarity of 
cholin just alluded to. 


CONCLUSIONS. 


Here then we have demonstrated that in the serum of various 
animals there occur substances, capable of intensifying the action 
of alkaloids — in this case pilocarpin — on the surviving gut. 
We also found that. cholesterin and cerebron also possess this 
property. With leeithin it was doubtful, while peptone acts very 
strongly in this respect and the effect of the peptone-dialysate was 
in an opposite direction. 

"When added to a pilocarpin-solution Witte’s peptone appeared 
to inhibit the pilocarpin-action in a small measure, from which we 
may conclude that, like rabbit’s serum, it contains substances that 
are capable of adsorbing pilocarpin. Cholesterin, lecithin and cere- 
bron lack this property. 

From the Pharmacological Institute of the 
Unwersity of Utrecht. 
Utrecht, Jan. 1920. | 


Physiology. — “Ewperimental Influence on the Sensitivity of various 
Animals and of Surviving Organs to Poisons”. (Part II). By 
W. StorM van LeEuwen and Miss van Der Maps, (Commu- 
nicated by Prof. R. Maenos). 


(Gommunicated at the meeting at January 31, 1920). 


In the first part Storm van LeruwEn and ©. van DEN BRoEkE have 
demonstrated that in the serum of various animals there are sub- 
stances which intensify the action of an alkaloid (pilocarpin) on the 
surviving cat-gut. They also found a similar favourable influence to 
belong to cholesterin, to cerebron to Witte’s peptone, and in certain 
cases also to leeithin. We considered it useful to ascertain whether 
similar favouring substances also come into play in the action of 
poisons on the unimpaired animal. We also wished to make out 
how far the presence of inhibiting substances could be demonstrated 
in that case. Our first object was to inquire into the action of 
adrenalin upon the bloodpressure in the cat and in the rabbit. We 
did tbis because, as indeed we know from the literature, successive 
adrenalin-injections into the cat and the rabbit bring about a rise 
of bloodpressure every time of the same extent, so that a quantitative 
investigation is very well possible here. Before describing the general 
results of this inquiry we wish to report the first experiment we 
made in this direction. = | 

We wish to bring this experiment into prominence, since its process 
differed from all the others in a series of 50 inquiries, and 
because theoretically it seemed t0 us to be of some interest. 
In this experiment we ascertained the action of adrenalin on 
the decapitated cat. The smallest dosis that produced a distinet 
rise (of 14 mm. H.g.) in this animal, was 0:1 mgrm of adrenalin 
intravenously. Let it be observed here — we shall recur to it later 
on — that this is an extremely large dosis for the minimum action. 
As has been said, this 0.1 mgrm of adrenalin produced a rise of 
blood-pressure of 14 mm. Hg.; in other cases of 12 mm. Hg., 
16 mm. Hg. and once as much as 28 mm. Hg. (fig. la). 

After it had thus been shown that 0.1 mgr. of adrenalin — dissolved 


in 1 c«.c. physiologieal water — was constant in its action, the 
animal was again given 0.1 arenalin of the same substance, but 
61 
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this quantum had previously been mixed with a small quantity 
(0.1 e.c.m.) of human serum. The consequence was (see fig. 10) a 
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very strong rise of the blood-pressure, many times greater than that 
with 0.1 mgr. of adrenalin alone. With the subsequent injections the 
whole of a c.c. of human serum was first given alone, to show 
that of itself it had but little effect upon the rise of the bloodpres- 
sure (Fig. 1c) and after this again 0.1 mgr. of adrenalin, dissolved 
in physiological water, was injected. This yielded a rise of blood- 
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pressure of only 12 m.m. mercury (Fig. 1d). Now again 0.1 adre- 
nalin plus human serum was given, and again a considerable rise of 
the bloodpressure revealed itself (Fig. 1e). Then we tried 0,05 mgr. 
of adrenalin plus serum; also this still produced a marked rise of 
the bloodpressure (Fig. 1f) and at last it appeared that 0.01 mgr. of 


0.05 Adr in 0.01 Adr in 0.1 Adr in 0.1 Adr + serum 
human serum human serum NaCl Cat fresh. 


Fig. 1 (f,9,h). Decapitated cat, bloodpressure, abnormal reaction on adrenalin 
and on adrenalin +4 serum. 


adrenalin 4 serum (Fig. 19) yielded a still larger rise of the blood- 
pressure than 0.1 mgr. of adrenalin did without serum. Since in other 
cases the minimum dosis adrenalin on which a decapitated cat reacts 
lies between 0,005 and 0,0005 mgrms, the sensitivity to adrenalin 
of this cat was brought to normal values by the addition of human 
serum. Fresh cat’s serum produced a weaker effect than human 
serum (Fig. 1%) in this experiment. 

In this first experiment it had thus been proved indubitably that 
in all probability human serum contains substances that intensify 
considerably the action of adrenalin on the decapitated cat. 

Now it is remarkable that in other 50 experiments we never 
achieved the same result. It is diffieult to account for this; in per- 
forming this. first experiment we did not know of course that it 
was an exceptional case, so we have not paid special attention to 
the problem in what respect this cat differed from others, whether 
it was a female or perhaps a castrated male, nor did we examine 
in any way the organs of internal secretion. For tlıe present this 
question must therefore remain unsettled, and we must confine 


ourselves to the statement that in 50 other cases we never observed 
61* 
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a similair intense action. In order to make out whether perhaps 
this cat, which yielded such an abnormal reaction, was a castrated 
animal we first determined the sensitivity of a male cat to adrenalin 
(minimum active dosis 0.0005 mgr. of adrenalin); after this the 
animal was castrated and examined again three weeks later. The 
sensitivity to adrenalin was then the same as before. 

In one respeet the cat with its abnormal reaction to human serum 
deeidedly differed from all the other animals examined, viz. the minimum 
dosis of adrenalin just suffieient in this animal to produce a distinet 
rise of the bloodpressure, was exceedingly large (0,1 mgr.); whereas in 
nearly all the other animals examined this minimum dosis lies between 
0,005 and 0,0005 mgr: of adrenalin, i.e. from doses 20 to 200 
times smaller. However this may be, it had appeared from this 
investigation that we may decide on principle that the influence of 
adrenalin on the bloodpressure in the animal does not depend only 
on the dosis of adrenalin and on the sensitivity of the speeifie 
organs, but also on the presence or the absence of substances in 
the serum of the animal that influence (in this case intensify) the 
adrenalin-action. 

We also tried to find out whether the serum contains substances 
that inhibit the adrenalin action, thus far with negative result. 

As stated above we never obtained a stronger action with a 
combination of serum and adrenalin than with adrenalin alone, 
except in the one case alluded to. However, the results published 
in the first part of this communication regarding the action of pilo- 
carpin on the surviving gut and regarding the reinforcement of this 
action through Witte’s peptone, induced us to examine also the 
action of peptone on the bloodpressure in the cat. 

The influence of Witte’s peptone itself on the bloodpressure in the 
cat and in the rabbit has been known for a long time. Many times 
already it has been shown in the literature that injections of rather 
large doses of peptone, from 300 to 500 mgr. per kg. animal, in 
cats and dogs, result. in a marked fall of the bloodpressure with 
an ultimate standstill of the heart’s action. The same action was 
noticed by us with larger doses of peptone. It is worthy of notice, 
however, that our experiments demonstrated that very small doses 
of peptone, sometimes from 10 to 100 times smaller than those 
which cause death, are capable of intensifying the adrenalin-action 
in the decapitated cat, as appears from fig. 2. Here 0.001 mgr. of 
adrenalin yielded twice running a rise in the bloodpressure respectively 
of 14 and 16 mm. He. (a, b); after an injection of 0. ce. of Witte’s 
peptone 1°/, a similar quantum of adrenalin gave a rise of 18 to 


931 


22 mm. mercury (c,d) and after several more injeetions of peptone, 
0.001 adrenalin gave a rise of the bloodpressure of 20, 20, 22, 20 
and after this of 30 mm. Hg. (e—%). Thouglı slight, this is nevertheless 
a clear increase in the rise of the bloodpressure and moreover the 
fall, which invariably followed after the rise with the first doses of 
adrenalin, had disappeared, as is the rule in such eases. In eonneetion 
with a eireumstance to be discussed lower down, it should here be 
pointed out directly that at the beginning of the experiment, i.e. 
when the adrenalin-action was still weak, the initial bloodpressure 
was 90—84 mm. Hg., while later on when the adrenalin action 
had augmented, the initial bloodpressure was higher viz. 106—100 mm. 
mercury. In five out of six cases we found an increase of the 
adrenalin-action by Witt’s peptone. Besides the decapitated cat, also 
the narcotized rabbit and the decerebrated rabbit were examined on 
the action of Witte’s peptone. In either case we indeed found a 
slight increase, but on the whole the influence of peptone on the 
adrenalin-action was very insignificant. Of course this concerns small 
doses only; when large doses of peptone are given, the result, in 
the cat as well as in the rabbit, is mostly first a phase in which 
the adrenalin has less effeet than before, after this a phase in which 
small doses of adrenalin do not act at all, and finally a condition 
in which the bloodpressure of the animal is lowered in consequence 
of the peptone-injection and the cardiac action is arrested. Besides 
this action of peptone on the adrenalin-rise of the blood-pressure 
we also examined the effect of peptone-injections on cholin-action. 
As known, cholin in small doses has a lowering effect on the blood- 
pressure; in large doses it raises the bloodpressure after administration 
of atropin. We have noted the effect of peptone on the lowering 
influence on the blood-pressure of small doses of cholin in the cat 
and in the rabbit. We did not find any definite effect. It seemed, 
however, that after the administration of peptone or of the dialysate 
of peptone, the decrease in the bloodpressure caused by cholin, 
became less. Once a slight rise was noticed instead of a fall. 

Because we consider the effect of peptone on the adrenalin-action 
in the decapitated cat as the most striking result, we took this 
action as the basis for a closer investigation. 

First of all we have tried to ascertain whether this action of 
Witte’s peptone is proper to all te component parts of this sub- 
stance, or whether perhaps ingredients might be separated from the 
peptone, that are specially characterized by this property. This really 
proved to be the case. When we examined the influence of a Witte’s 
peptone dialysate on the adrenalin-action in the decapitated cat, it 


oe 
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Fig. 2. Decapitated Cat. Bloodpressure. Intluence of Witte's peptone on the bloodpressure. Rise in consequence of adrenalin. 
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appeared to be extremely intensifying as is shown in fig. 3. Here 
a dosis of 0.005 mgrın. of adrenalin injected several times intra- 


Fig. 3. Decapitated Cat. Bloodpressure. Influence of a peptone dialysate on the rise 
of bloodpressure caused by adrenalin. 


venously, produced a rise of the bloodpressure respectively of 44, 
3%, 44 and 36 mm. Hg. (fig. 3a). 

After 1 ec. of the dialysate of peptone, which contained per cc. 
about 1 mgr. of nitrogen, had been administered, an injection of 
an equal quantum of adrenalin (0.005 mgr.) produced a rise of the 
bloodpressure of 70 mm. Hg. (fig. 36). Another injection given a 
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short time after, caused again a rise of 38 (fig. 3c) as before the 
dialysate injection. But after injecting dialysate again the adrenalın 
vielded a rise of the bioodpressure of 66 mm. Hg. (fig. 3d); after- 
wards it fell again to (he original value of 38. 

In 7 experiments we have examined a decapitated cat for the 
effeet of the dialysate!) of peptone on the intensifying action of 
adrenalin on the bloodpressure. In 6 of them we obtained a positive 
result, in one only a negative one. 

As stated in our first communication, it had appeared that peptone 
exerts a different influence upon the surviving gut from that of the 
dialysate. 

We deemed it useful, therefore, to examine also the action of the 
residue after dialyzation. 

It is diffieult, of course, t0 make minute quantitave observations 
of such a complicated substance as Witte’s peptone. 

Nevertheless our experiments have elearly demonstrated that the 
intensifying action on the rise of the bloodpressure caused by adrenalin 
is effeeted in the first place by the dialysate‘), in a smaller measure 
by the residue and by Witte’s peptone itself. 

In the above experiments we have made use intentionally of 
decapitated and decerebrated animals to avoid narcosis. Our arguments 
for doing so were the following: First itis known that the symptoms 
produced by the anaphylactie shock are very similar to those which 
result from a peptone-injeetion. Secondly, it is also known that the 
symptoms of the anaphylactie shock decrease when the animal has 
first been narcotized. So we were right in using non-narcotized 
animals since e.g., as observed heretofore, Witte’s peptone exerts a 
distinet effect on the blood-pressure-raising action of adrenalin in 
the decapitated cat, not, however, in the narcotized rabbit. 

After we had discovered that the peptone-dialysate had a marked 
effeet on the action of adrenalin in the decapitated cat, it was inter- 
esting to study this action also in the rabbit and more particularly 
in the decerebrated rabbit. It appeared, indeed, in a single case that 
the adrenalin-action is intensified by the dialysate, but this is not 
the rule. It is not easy to account for this phenomenon. We can 


!) The dialysate used was obtained by dialysing 7, grms of Witte’s peptone 
for three days in running. water. The dialysate was ultimately evaporated to 
dryness, and was made up to 300 c.c. As much NaCl was added as would raise 
the percentage to 0,9. Afterwards we discovered that this method did not at all 
afford any dialysate of a constant action.. Sometimes we obtained dialysates that 


were completely inaclive. For the present we are not able to account for this 
phenomenon. 
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only call attention to the fact that, in the cat, small doses of adrenalin 
mostly produce a fall in the blood-pressure, and that peptone on the 
other hand would seem to hinder this fall. In the rabbit adrenalin 
has not such a lessening effect on the bloodpressure. 

Before proceeding to the discussion of this phenomenon we must 
first state that an intensifying effect on the adrenalin-action has 
been deseribed for other substances already some time ago. Kraus 
and FRIEDENTHAL'!) had shown that the effeet on the rise of blood 
pressure of adrenalin is intensified by injection of thyreoidin-extraect, 
which Storm van Leruwen has been able to corroborate in his 
personal investigations. ’) 

Frönuıch and Lorwi°) had demonstrated that in the cat the adre- 
nalin action can be intensified by previous cocain-injection, while 
CUnHmarı and Frönuıch ‘) found that substances that preeipitate caleium 
(e.g. oxalie acid), also intensify the adrenalin-action. Kerınow °) found 
an intensified adrenalin-action after injection of hypophysis-extract 
into the rabbit. These findings were corroborated by Nkcunsscu ®), 
by Aırıva ?), and by H. Börner °). 

H. Börner believes that the influence of hypophysin on the adre- 
nalin-action is not of necessity due to & sensibilization caused by 
‚hypophysin, but may be ascribed to the eircumstance that hypo- 
physin is deleterious to the cardiac action in the rabbit — and the 
rabbit is just the animal with which the phenomenon oceurs — by 
which hurtful influence the velocity of the eireulation of the blood 
is lessened, so that a quantum of adrenalin, given in a definite space 
of time, is diluted less and can exert a stronger action. In the cat 
hypophysin does not effect the adrenalin rise of the bloodpressure — 


l) Kraus and FRIEDENTHAL. Ueber die Wirkung der Schilddrüsenstoffe. Berl. 
Klin. Wochenschr. 1908. N®. 38. 

2) W. Storm vAn LEeuwen. Plıysiologische waardebepalingen van geneesmid- 
delen. (Thesis 1919). 

3) A. Froesuich and O. Lorwr. Ueber eine Steigerung der Adrenalinempfind- 
lichkeit durch Kokain. Arch. f. exp. Path. und Pharm., Bd. 62, p. 59, 1910. 

4) R. Omarı and A. lrorauıch. Erregbarkeitsveränderungen des vegetativen 
Nervensystems durch Kalkentziehung. Arch. f.exp. Path.u. Pharm. Bd. 64, p. 214, 1911. 

5) Kzpinow. Ueber den Synergismus von Hypophysinextract und Adrenalin. Arch. 
f. exp. Path. und Pharm., Bd. 67, p. 247, 1912. 

6) P. Nicutescv. Ueber die Beziehungen der physiologischen Wirkungen von 
Hypophysenextract, Adrenalin, sowie Mutterkornpräparaten und Imidozalyläthylamin. 
Zeitsch. f. exp. Path. und Ther. Bd. 15 p 1, 1914. 

7) Y. Aırıra. Zur Kenntnis der Pituitrinwirkung. Skandinavisches Arch. f. Physi- 
ologie Bd. 31 p. 331 1914. 

8) H. Börner. Ursache der Steigerung der Adrenalinwirkung auf den Kaninchen- 
blutdruck durch Hypophysenextracte. Arch. f. exp. Path. und Pharm. Bd. 79 p- 
218. 1915. 
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as indeed the heart of this animal is not injured by hypophysin. 
It is unlikely that Börner’s interpretation applies to our case, 

1. because peptone intensifies the adrenalin action in doses many 
tines smaller than those which affeet the eireulation in the cat, and 
even a gradual rise of the blood-pressure oceurs after the peptone- 
injeetion, (see also Fig. 1) and 

2. because peptone, as recorded in our first communication, has 
also an intensifying influence upon the pilocarpin-action on surviving 
organs. 

Another observation of ours may serve to explain ‚why the dialy- 
sate influences the adrenalin-action on the rise of the bloodpressure 
in the decapitated eat and not in the rabbit. As stated before, in our 
investigations we hardly ever found in decerebrated rabbits an 
increase of the adrenalin-action through peptone or its dialysate. In 
one case however we detected a very marked action of the dialy- 
sate; this case has been illustrated in fig. 4. 
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Fig. 4. Decerebrated rabbit. Bloodpressure Abnormal reaction to adrenalin and 
to adrenalin + dialysate of Witte’s peptone. 


Here the minimum quantity of adrenalin that produced a distinet 
rise of the bloodpressure, was rather large viz. 0.01 mgr. In two 
successive cases this quantity gave a rise of 16, respectively of 
22 mm. Hg. (a). After injection of a small quantum of peptone- 
dialysate the action of the same amount of adrenalin on the rise of 
the bloodpressure increases largely, viz. 40 and 36 mm. mercury (d, c). 
After two more dialysate injections the rise of bloodpressure, brought 
about by 0.01 mgr. of adrenalin amounts to 60 mm. mercury, i.e. 
considerably higher than before (d). 

In 11 experiments with the decerebrated rabbit this was the only 
case, in which the peptone-dialysate had an intensifying influence 
on the adrenalin, and it is rather remarkable — especially in con- 
nection with the experiment with a decapitated cat (fig. 1) deseribed 
in the beginning of this communication, — that this particular rabbit, 
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in which the dialysate positively exerted an influence, was much 
less sensitive to adrenalin than all the others. The dosis of adrenalin, 
capable of produeing a distinet rise of the bloodpressure in the 
decerebrated rabbit, ranged in all other experiments from 0.0007 to 
0.005, while in the one case, in which the dialysate actually inten- 
sified the action, the minimum quantity ofadrenalin was considerably 
higher, viz. 0.01 mgr. lt seems to us, that the reason why in most 
cases peptone, or its dialysate, does not intensify the adrenalin action 
in the decerebrated rabbit, is that in those cases the adrenalin, in 
consequence of the presence of certain substances in the serum, 
has already obtained the highest effect it can display under those 
circumstances (except in the experiment represented in fig. 4, of 
course); we believe that similar substances are not, or only to a 
less extent, to be found in the cat, so that in this animal peptone 
as a rule can play a part. Besides substances (hat exert an influence 
like peptone in our experiments, other substances must occur in 
the serum that are likewise very important, and that were wanting 
only in the cat of fig.1, so that in this case the injection of serum 
resulted in this excessive increase of the adrenalin action, 

Anyhow, we think that our experiments have evidenced that the 
intensity of the adrenalin action on the bloodpressure in the decapi- 
tated cat does not only depend on the dosis ‘of adrenalin and on 
the sensitivity of the animal, but also in a high degree on the 
presence in the serum of certain substances that increase this action. 
If such substances are wanting entirely or nearly so, as in fig. 1, 
the administration of normal serum can largely intensify the adrenalin 
action. In case the substances are wanting only in part, a similar 
increase of the adrenalin action —. in a much smaller degree though — 
can be effected by peptone or still more by dialysate. As a rule 
so many intensifying substances seem to be present in the rabbit, 
that adrenalin exerts the strongest action possible under those circum- 
stances. In the experiment of fig. 4 this was not the case; here 
intensification of the action in the decerebrated vabbit could be 
reached with the dialysate. We are incompetent as yet to account 
for the fact that neither, peptone nor its dialysate exerts the same 
influence in the narcotized cat as in the decapitated animal; there 
is, however, some analogy, viz. the symptoms of the anaphylactic 
shock are also less active, when the animal has been previously 
narcotized. 

lf we are right in our conception that the action of adrenalin on 
the bloodpressure depends in several animals on the presence in 
the serum of these animals of substances that can intensify the 
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action, we are also entitled to expect that, if the adrenalin is to act 
upon an animal in which the serum is replaced by physiological 
salt-solution, the adrenalin will work less intensely. We have endeav- 
oured to test this supposition experimentally. 

For this purpose we performed in cats so-called plasmaphaeresis 
after Aut‘). These animals were bled and were given an injection 
of Rınarr’s solution to replace Ihe deprived blood, first pure Rıngsr’s 
solution and afterwards Rınane’s solution to which had been added 
red bloodcells of the cat obtained from other cats. Before starting 
the plasmaphaeresis we have’ of course determined the sensitivity 
of the animal to adrenalin. 

The experiments were conducted as follows: 


Exp. 1. Cat 2,6 kg.; vagi severed; ether-narcosis. After injection of 0,005 mgr. 
of adrenalin fall of the bloodpressure from 76 to 54 mm. Hg., at another time 
from 92 to 76 mm. Hg. (Fig. 5a and 5b). The animal is now bled from the 
carotis as much as possible and simultaneously warm Ringer’s solution (to which 
afterwards red blood-cells are added) is injected into the vena femoralis. By this 
we manage to keep the bloodpressure up to the mark (96 mm. Hg.). Injection of 
0,005 mgr. of adrenalin has now no effect at all (öc) 0,01 mgr. yields a 
slight rise. 

Exp. 2. Cat 1,27 kg.: ether-narcosis. Injection of 0,005 mgr. of adrenalin 
causes a rise of the bloodpressure from 110 to 114 mm. Hg. The animal is bled 
and given Tyrode-solution —+ red bloodcells. The bloodpressure is lowered ; 
0,005 mgr. of adrenalin still produces a rise from 34 to 44; addition of a small 
dosis of cat’s serum ar peptone to the adrenalin-solution does not intensify tbe 
action. The blooding had not been sufficient in this case. 

Exp. 3. Cat. Vagi cut; ether-narcosis. Injection of 0,005 mgr. of adrenalin yields 
a rise of the bloodpressure from 168 to 178 mm. Hg. (Fig. 6@). Injection of 
adrenalin + !/, c.c. serum from another cat has the same effect. After blooding 
and injection of Tyrode solution + red bloodcells the bloodpressure falls to 78. 
Injection of 0,005 mgr. and of 0,01 mgr. of adrenalin no longer affects the 
bloodpressure (Fig. 65). After injection of a fresh quantity of bloodcells the blood- 
pressure rises up to 110 mm. Hg. Injection of 0,01 mgr. of adrenalin has no 
action, little by little the bloodpressure decreases spontaneously; when it has 
reached 62 mm. Hg., again 0,01 mgr. of adrenalin is given. This is almost quite 
ineffectual. (Fig. 6c). By an injection of red bloodcells the bloodpressure is raised 
to 150 mm. Hg., 0,01 mgr. is inactive (Pig. 6d). An injection of 0,005 mgr. of 
adrenalin + !/, c.c. serum from the same cat has no influence. The bloodpressure 
has meanwhile decreased to 78 mm. Hg., 0,01 mgr. of adrenalin has no effect. 
(Fig. 6e). By an injection of 10 c..c serum from another cat the bloodpressure is 
increased again to J00 mm. Hg., now 0,01 mgr. of adrenalin gives a distinct 
rise of the bloodpressure (Wig. 6f). After another injection of 8 e.c ofcat’s serum 
0,01 mgr. of adrenalin still causes a distinet though insignificant rise. 

Exp. 4. Cat 3 kg. Vagi cut; ether-narcosis. 0,005 mgr. of adrenalin causes 


') J. Auer, L. Rowntrer and B. Turner. Plasma removal with return of cor- 
puscles. (Plasmaphaeresis) Journal of Pharm. and exp. Ther. Vol. 5 p. 625 1914. 
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the bloodpressure to fall from 152 to 130 mm. Hg., (after a preceding small rise), 
later on from 148 to 132 mm. Hg. After the animal has been bled repeatedly 
and has received several injections of Tyrode-solution + red bloodcells, the blood- 
pressure has fallen to 738 mm. Hg., 0,005 mgr. of adrenalin exhibits only a trifling 
action now (fall from 78 to 74 mın. Hg.), afterwards the bloodpressure has fallen 


removal of the plasma. 


L, 


Fig. 5. Narcotized Cat. Bloodpressure. Plasmaphaeresis. Diminished action of adrenalin after 
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still lower and 0,005 mgr. of adrenalin is inert, so is 0,01 mgr. of adrenalin and 
so is even 0,02 mgr. of adrenalin. When in this phase through injection of red 
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bloodcells the bloodpressure is heightened to 108 mm. Hg. again, 0,005 mgr. 
of adrenalin yields a slight rise of the bloodpressure and 0,02 mgr. of adrenalin 
a considerable one. The decreased adrenalin action after the blooding did, therefore, 
not depend only on the removal of plasma, but also on the fall ofthe bloodpressure, 
for after this fall had been checked, adrenalin acted better, though still less than 
at the commencement of the experiment. 


These experiments lend support to our supposition that in serum 
substances occur that intensify the adrenalin action; when the serum 
has been substituted by Tyrodesolution + red bloodcells the adre- 
nalin action diminishes, if namely a large amount of blood has 
been deprived in this way. This diminution of the adrenalin action 
manifested itself as well when the primary adrenalin action had 
decreased the blood pressure (exp. 1 and 4,) as when it had raised it 
(Exp. 3). The decrease of the adrenalin action appears, no matter 
whether the bloodpressure is lowered by the plasmaphaeresis or 
not. In exp. 3. 0,01 mgr. of adrenalin is inactive although the 
bloodpressure is as high as 150 mm. Hg., while previously wit a 
bloodpressure that was only a few millimeters of mercury higher, 
0,005 mgr. of adrenalin brought about a distinet increase. 

It is essential to emphasize the fact that after removal of plasma 
adrenalin acts less strongly, also when the bloodpressure is high, 
because Pryron Rous and Wırson ') and BarBıer ’) have recently 
demonstrated that in dogs and in cats the adrenalin action is weak- 
ened, when the bloodpressure becomes considerably lower in conse- 
quence of bleeding. We observed this phenomenon only once, 
namely in exp. 4, in which, with a bloodpressure of 78 mm. Hg., 
0,005 mgr. of adrenalin was inaclive, but after the bloodpressure 
was raised to 108 mm. Hg. through injection of red bloodcells with 
Tyrode, 0,005 mgr. of adrenalin produced an inconsiderable rise of 
bloodpressure. This, however, does not account for the insignificant 
adrenalin action after bleeding in our other experiments, because 
also when the bloodpressure after plasmaphaeresis amounted to 150 
mm. Hg. (Exp. 3), the adrenalin action was lessened. In fact if a 
decreased adrenalin action is to be attained only by a low blood- 
pressure, this must be very low, in BarBısr’s experiments e.g. 10 
and 15 mm. He. 


By the deprival of serum and the addition of Tyrode-solution + red bloodcells 
the viscosity of the blood is of course diminished. In itself this would be a reason 


1) Peyron Rovs and G. Wırson. The influence of etheranesthesia of hemorrhage 
and of plethora from transfusion of the pressure effect of minute quanlities of 


epinephrine. Journ. of exp. med. 1919, p. 173. 
2) E. Barsıer. Hemorragie et adrenaline. Soc. de Biol. Tome 82, p. 758, 1919. 
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for a diminished adrenalin action — after the mechanism indicated by H. BöRNER 
(see supra). — It seems to us unlikely, however, that this is the case in our 
experiments, since even a very considerable deprival of blood, by which after 
injection of Tyrode-solution the viscosity of the blood has much diminished, does not 
produce a weakened adrenalin action sometimes (Exp. 2), whereas conversely, when 
a phase has been reached in which the adrenalin acts no longer, 10 ce. ofserum, 
which will increase the viscosity only slightly, sometimes improve the adrenalin 
action. It appeared thus that considerable changes in the viscosity often involved 
no change in the adrenalin action, whereas such a change did occur in a case in 
which the viscosity could be influenced only in a small measure. 


We presume to assert that especially this case, in which inactivity 
of the adrenalin resulted from the plasmaphaeresis and in which 
adrenalin action revived after the injection of serum, strongly favours 
our conception that substances occur in the serum which intensify 
the adrenalin action. It would be worth while to make more expe- 
riments on the action of adrenalin after plasmaphaeresis. Failing 
te opportunity of obtaining a large enough number of cats we 
have as yet nof been able to do so. We purpose to extend our 
experimentation and, in connection with the researches of Kraus, 
FRIEDENTHAL, Krpınow ete., we also intend to study the influence 
exerted by the organs of internal secretion on the sensitivity of 
animals to adrenalin. | 


CONCLUSION. 


The action of adrenalin on the bloodpressure does not only depend 
on the volume of the dosis, the velocity of the injection and the 
sensitiveness of the reacting organs, but is also influenced by sub- 
stances in the blood that intensify this adrenalin action. 

In some animals there is apparently a considerable deficieney of 
these substances (the cat of fig. 1). In them the sensitivity can be 
increased by injecting human serum or cat’s serum. Other animals 
(most cats) possess a sufficient quantum of intensifying substances, 
but this quantum can be raised by injeeting Witte’s peptone or its 
dialysate. Most rabbits have so much of these substances in their 
blood, that peptone cannot increase the reaction to adrenalin. In 
one case only (Fig. 4, in which a rabbit was little sensitive to 
adrenalin, could this sensitiveness be increased by peptone. 


| Utrecht, The Pharmacological Institute of the 
January 1920. Utrecht University. 


Mathematies. — “A Congruence of Orthogonal Hyperbolas”. By 
Prof. Jan DE Vrıks. 


(Gommunicated at the meeting of February 28, 1920). 


1. In any plane through the given point ( lies one orthogonal 
hyperbola 0°, resting on the four crossing lines ax. The congruence 
[0°] defined in this way will be examined here. 

Any straight line & is a chord of one 0’. If however %k passes 
through C, it is a chord of &! curves; it is in this case a singular 
chord. 

Also the four lines a are singular; for the plane through C and 
a, contains a pencil (0*), having for base-points the intersections of 
d,, QA,, a, and the orthocentre of the triangle defined by them. 

Finally also the two transversals d,,,, of the lines a are sıngular 
chords, for in the plane Cb,,,, any line cutting b,,,, at right angles, 
forms with it a figure belonging to [0?]. 


2. To determine the order of the locus of the curves 0° which 
have a straight line / through C as a chord, we first consider the 
surface formed by the orthogonal hyperbolas passing through two 
points P, and ?, and resting on the lines a, and a,. 

Tbe scroll which has a, and a, for directrices and a plane perpen- 
dieular to /=P,P, for director plane, contains two straight lines 
resting on /; for this reason / is a component of two figures 0°. 
From this it ensues, that the surface in question is a dimonoid O*, 
with triple points P,, P, and double torsal line /. Through ?, and 
P, pass therefore four curves 0” resting on qa,, a, and a,. 

Let us now consider the locus of the 0° which have /asachord, 
rest on qa,, A,, A, and pass through ?,. There pass four curves 
0? through any other point of /; hence / is quadruple on the surface 
in question, which is for this reason a monoid 0° with fivefold 
point P,. From this appears, that the locus of the 0* resting on 
A, Q, 4, a, and having a line / as a chord, is an awial surface 
0° with sixfold line /. 

According to a wellknown property the axial surface O* contains 
twenty pairs of lines. To these belong the eighi pairs each consisting 
of a transversal of /, ax, aı, dm and the perpendicular to it inter- 
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secting a, and /. Each of the other twelve pairs consists of atrans- 
versal of /, ar, aı and a transversal of I, an, a„ perpendicular to it. 


3. Through any point / pass siw curves of the congruence [0°]. 
For the locus of the 0° which have C'’P as a chord and which rest 
on the lines a, has CP as a sixfold straight line. 

Any point Az of. the line ax is singular. The eurves 0° through 
A; form a monoid 0° with vertex A, and fourfold straight line 
ArC. It contains fourteen pairs of lines arising in the following 
way. Three pairs consist each of a transversal through 4,'10.,0,.0% 
and a straight line interseeting a, and /= 4,C. Two pairs consist 
each of a transversal of /, a,, Q, 4, and the perpendicular out of 
A; to this transversal. In order to find the other pairs we consider 
the cone formed by the perpendiculars 5, out of Az to the trans- 
versals of /,a,qa. As two of these transversals are perpendieular 
to /, db, coineides twice wıth /. The cone in question is therefore 
cubical and has / as a double generatrix. Consequently there are 
three orthogonal pairs of lines of which the line 5; passes through 
Ar. In this way the nine remaining pairs are found. 


4. Also the point ( is singular. The determination of the order 
of the surface /’ formed by the curves 0? passing through Ü, comes 
to the determinalion of the number of orthogonal hyperbolas through 
C resting on five straight lines 1, 2, 3, 4, 5. Using the prineiple of 
the conservation of the number we can suppose the straight lines 
1, 2,and 3 to lie in a plane y. Through C’ and the point 12 pass 
four 0°, resting on 3, 4, and 5; analogously we find four of them 
through C and 23 and four through (' and 13. 

All the other figures satisfying the conditions are pairs of lines 
of which one line, s, lies in a, while the other, t, passes through 
C. To these belongs in the first place the line s in p intersecting 
4 and 5, in combination with the perpendieular £ out of O to s. 

Let us now consider the plane pencil (s) in p which has the 
intersection M of 4 for vertex. The perpendiculars out of ( to the 
rays of (s) form a quadratic cone; the two generatrices { resting 
on 5, belong each to an orthogonal pair of lines (s, t). As we can 
interchange 4 and 5, the group considered contains four pairs (s, 2). 

Finally we find the figure formed by the transversal £ through C’ 
to 4 and 5, combined with the line s in p eutting it at right angles. 
In all we found 3X 4+1+2%xX2-+1=18 figures 0°; the curves 
0° through C form consequently a surface M®. 
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5. Any ray through C is a chord of six 0”, belonging to T; 
hence (is a twelvefold point. 

The transversal d,, through C' to a, and a, is cut at right angles 
by two transversals of a, and a,; the six lines dx are accordingly 
double lines of T. To them 12 single lines are connected. 

To each Z,,, of a,, a, a, we draw the perpendieular 5 out of C 
and we consider the cone which has the straight lines d as genera- 
trices. Let y be a plane through C and a straight line c of the scroll 
to which a,, a,, a, belong. Through the intersection D of t,,, we draw 
in y the straight line d perpendicular to c. As c is cut at right 
angles by two lines £,,, d coincides twice with c, envelops conse- 
quently a curve of the third class with double tangentc. The three 
lines d meeting in ( are generatrices of the cone (b); this is con- 
sequently cubical and there are three paiıs of lines (d, t,,,). In all 
we find tZwelve pairs of lines 0? of which one of the lines rests on 
three straight lines a. 

Finally there lie on T’ the two transversals d,,,, each connected 
to a straight line through Ü. 

Each of the four 0° which have a line a as a chord, is a double 
curve of T. 


6. To find the order of the surface A formed by the 0? resting 
on a straight line /, we try to find the number of curves o?, in 
planes through C, which rest on six straight lines 1, 2, 3, 4, 5, 6, 
and again suppose 1, 2, 3 to lie in a plane y. 

Through the point 12 pass siw 0” resting on 3, 4, 5, 6, while their 
planes pass through (C. Analogously sww pass through 23 and sur 
through 13. All the other figures degenerate into a straight line s 
of p and a line ? cutting it at right angles. 

The plane through ( and the intersections of 4 and 5 with p con- 
tains a figure (s,£) of which the line ? rests on 6. We obtain here 
a group of three pairs (s, d). 

If s is to pass through the point D=(4, y), t must rest on 5, 6 
and CD,. The orthogonal projections ?’ of the straight lines of the 
scroll (2) envelop a conic. Let the perpendieular r out of D, to t’ 
be associated to the ray s joining D, with the intersection 7’of a line 
t; r being perpendicular to two lines ?’, hence associated to two 
rays s, there are three coineidences r—=s. We find therefore three 
pairs of lines (s, {) satisfying the given conditions; in all a group of 
3x3 figures 0°. 

From this it ensues at the same time, that the straight line r 


cutting the ray Z in 7’ at right angles, envelops a curve of the fourth 
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class, for through D, passes also the line r at D, perpendicular to 
tbe ray t of which D, is the intersection. 

Finally we have to consider the case that the line { resis on 4, 
5 and 6. If we now also project the scroll (2)* orthogonally on % 
and draw through the interseetion 7’ of t and 9 the line r perpen- 
dieular to t, r envelops, as appeared above, a curve of the fourth 
class. From this follows, that also the plane (ri) envelops a curve 
of the fourtb class, so that through C there pass four planes in each 
of which a transversal of 4, 5, 6 is cut perpendicularly by a trans- 
versal of 1, 2, 3. 

In all we found 3x6 +3+3%x3-+4=34 figures 0°; the 
locus of the 0° resting on a straight line /, is consequently a surface 4°". 

The curve 0’ in the plane (Cl) is apparently a double curve. The 
four lines a are sivfold on A; for the curves 0? through a point of 
a form a surface 0°. 


7. The planes Ca; may be called singular because they contain oo' 
orthogonal hyperbolas. This will also be the case when a plane 
through (€ euts the lines a, in an orthocentrical group. Now the 
orthocentres of the triangles A, A, A, of which the planes pass 
through C, form a surface; there must therefore be a finite number 
of singular planes of the kind in question. 

In order to determine this number, we first consider the locus of 
the orthocentre 7 of a triangle (’A,A,, when A, lies on a, 4, on 
a,. The plane through a point A, perpendicular to the ray A,C 
contains one point A,, hence one triangle A,A,C of which A lies 
in A,. Consequently the surface in question contains the straight 
lines a, and a,. 

In the plane Ca, lie &! triangles A,A,C'; their orthocentres lie 
in a conie H* through C’and the intersection D, of a,. The interseetion 
of the surface with Ca, consists of a, and H*?; we have therefore 
a surface A°. Three times A lies on a,, or, in other words, through 
C pass three planes in which the orthocentre of A,A,4A, lies in (. 

We consider now the surface formed by the orthocentres of the 
triangles 4,A,A, of which the planes pass through C. 

If H is to get on a,, A,A, must be perpendicular to A,A,. In 
each plane through a fixed straight line A,C we draw through A, 
the line / perpendicular to A,A,. If this plane is perpendieular to 
A,C, I coineides with A,C; hence / describes a quadratie cone. Two 
of the generatrices intersect a,; through A,C pass consequently two 
planes in which #7 coineides with A,. But then a, is a double 
straight line of the surface in question. 
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A line A,C is cut at’ right angles by two lines A,A,; it contains 
therefore two points A, which as a rule lie neither on a, nor in 
C. It has appeared above, that there are three rays A,C on each 
of which one of the- points F lies in ('; the pairs of points H form 
consequently a curve 7, with triple point Ü. 

Finally the plane Co, contains a conie which is the locus of 62 
orthocentre of a triangle A,D,D, (where D, is intersection of a, 
and Ca,). 

We may conelude, that the orthocentres of the triangles A,A,A, 
lie on a surface H° with double lines a,,a,,a, and iriple point Ü. 

From this it ensues, that there are nine singular planes in which 
the four points A,, A,, A,, A, form an orthocentrical group. 

Any straight line of such a plane is apparently singular. 


Physiology. — “On Optie “Stellreflexe” in the Dog and in the 
Cat”. By Prof. R. Maenus and A. DE Kreyn. 


(Communicated at the meeting of January 31, 1920). 


In a series of researches carried out in the Pharmocological 
Institute of Utrecht various animals were examined on ‘“Stellreflexe’’, 
i.e. those reflexes that make the animal resume its normal position, 
when it has been brought into an abnormal one. 

In the first communication !) “Stellreflexe”” in rabbits after extir- 
pation of the cerebrum, were described and discussed in detail. 

The ability of these animals to regain from any given position 
of the body their normal position finds its explanation in the co- 
operation of four different groups of reflexes whose centres lie in 
the mesencephalon. 

These reflexes are: 

1. “Stellreflexe’”’ from the labyrinths towards the head, which make 
the head return from any given position to the normal one. They 
may be best seen when taking the animal by the pelvis and holding 
it up in the air in various positions. 

2. “Stellreflexe”” towards the head, provoked by asymmetrical 
stimulation of the sensory nerves of the trunk. 

These reflexes may be best examined after bilateral extirpation 
of the labyrinths. When, after this operation the body lies in 
asyımmetrical position on the ground, reflex action will cause the 
head to resume its normal position through asymmetrical stimulation 
of the nerves of the trunk. 

3. “Stellreflexe’”’ starting from the neck. 

When the head has obtained its normal position through the 
above-named reflexes, but the body has not, a reflex is elieited by 
the abnormal position of the neck (rotation, flexion ete.) which 
makes the body resume its normal and symmetrical position with 
regard to the head. 

4. “Stellreflexe” towards the dody through asymmetrical stimu- 
lation of the sensory nerves of the trunk. 


1) R. Maonus. Beiträge zum Problem der Körperstellung. I. Mitt. Stellreflexe 
beim Zwischenhirn- und Mittelhirnkaninchen. Pflügers Archiv. Bd. 163. S. 405. 1916. 
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Also when the head is not in its normal position, the body Iying 
on the ground in asymmetrical position can be restored by reflex- 
action to the normal position through asymmetrical stimulation of 
the ground. a 

Optic ‘Stellreflexe”’” do not appear in rabbits after extirpation of 
the cerebrum. 

From the 24 communication !) it became evident that also the 
normal rabbit with cerebrum has only the above “Stellreflexe” at 
its disposal. Optic “Stellreflexe”” could not be demonstrated in them 
either. 

The 3'4 communication *) deals with observations made by Dr. 
Dusser DE BARENNE in experimenting on two cats and a dog after 
extirpation of the cerebrum. It could be proved that also with these 
animals only the four above-named ‘“Stellreflexe’’ play a part; optic 
“Stellreflexe”’ could not be demonstrated in them either. 

Now, whereas with rabbits there is no difference between animals 
with and without cerebrum, this is altogether different with dogs 
and cats. , 

From this paper it will be seen that normal dogs and cats, that 
is with a cerebrum, dispose of optie “Stellreflexe”’, and that with 
them the eyes may co-operate to enable the animals to retain their 
normal position. If one wishes to examine these optic reflexes, it 
is essential to hold the animals free in the air, for only then can 
the “Stellreflexe”, resulting from asymmetrical stimulation of the 
nerves of the trunk on body and head, be eliminated. 

Under these eircumstances the animal depends for the time being 
only on its ‘Stellreflexe”’, emerging from the labyrinth, and after 
bilateral extirpation of the labyrinth not any “Stellreflex” can appear 
in dogs or cats that have been deprived of the cerebrum, and in 
rabbits with or without cerebrum, if the animals are held up free 
in the air. It now appeared that dogs and cats with cerebrum, but 
without labyrinth, still dispose of “Stellreflexe”’, which enable the 
animals to bring their head into the normal position. 

These “Stellreflexe’”’ are brought about by the eyes. 

In order to demonstrate this we communicate the following results 
with a little dog: 


1) R. Maanus. Beiträge zum Problem der Körperstellung. II. Mitteilung Stell- 
reflexe beim Kaninchen nach einseitiger Labyrinthexstirpation. Pflügers Archiv. 
Bd. 174, bldz. 134. 

2) J. G. Dusser pe Barenne u. R. Macnus: “Beiträge z. Probl. d. Körperstellung 
II. Die Stellreflexe bei der gross-hirnlosen Katze u. dem hirnlosen Hunde”. To be 
published in Pflügers Archiv. 1920. 
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The normal animal was first examined, on “Labyrinth-Stellreflexe”, while held 
up in the air, that is, before the bilateral labyrinthextirpation performed on it. 
In tbis experiment the eyes were blindfolded beforehand. The result was to the 
following effect: 

Animal, held up free in the air by the pelvis. 

Normal position of the pelvis: Head in normal position. 

Held up on its right and left side: Head about normal (deviation + 30’ from 
the normal position). 

With its back placed in horizontal position : Head brought in normal position, either 
because the front of the body i.e. the neck and the upper part of the thorax is 
bent ventralward, or because the front of the body _perfornıs a spiral rotation 
of 180°, 

Animal suspended with head downward: Head and muzzle are held vertically 
downward; the neck, however, is distinetly dorsi-flexed. 

Animal suspended with head upwards: Head in normal position. 

When carrying out the experiment without the eye-bandage, the result is 
precisely the same; only the head is brought into a perfectly normal position 
when the animal is held up free in the air, horizontally placed on its side. 

On the 6th of June 1919 a bilateral extirpation of the labyrinth was performed. 
Some hours after the operation the animal keeps its head straight and no 
nystagmus is seen. Neither in this investigation nor in any of the following did 
the animal prove to possess any labyrinth-reflex. 

June 7. 1919. When investigating in the air without the eye-bandage (so with 
open eyes) it appears that the animal does not possess any *Stellreflex” in 
the air. 

Holding the animal in horizontal direction on its right or left side: Head falling 
to the right, resp. to the left side. 

Holding the animal in horizontal direction on its back: Head falls on its back. 

Suspended with head downwards: Head held as lying on its back. 

Suspended with head upwards: Head in various positions (now latero-flexed to 
the right or retro-flexed). 


From this investigation we conclude that on the day after that 
of the operation (bilateral extirpation of the labyrinth) the animal, 
when held up in the air, does not dispose of “Stellreflexe” and the 
eyes do not act compensativelhy. 

An investigation of other dogs gave evidence that after bilateral 
extirpation of the labyrinth the animals gradually recover the ability 
of bringing their heads into the normal position again when they 
are held up in the air. It was also evident that the animals obtain 
this ability through the eyes and by fixing different objeets around 
them. When the eyes are blindfolded, the “ Stellreflexe” will immediately 
disappear, so we have to do with optie “Stellreflewe”. 

We have not made an inquiry of the successive appearance of 
the optie “Stellreflexe” in the above-named dog, -since it was one 
of the first dogs, in which ‘Stellreflexe”’ were found and these had 
already been fully developed at that time. 
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July 1. 1919 we found: 

Blindfolded the animal (in the air) has completely lost its sense of orientation. 

Pelvis held on its right side: Head held on its right side. (Fig. 1). 

Pelvis held on its left side: Head held on its left side. 

Pelvis held on its back: Head held on its back. 

Suspended with ‚head downwards: Head held on its back. 

Suspended with head upwards: Head retro- or latero-flexed. 

Not blindfolded (i.e. with eyes open) the animal presents quite another image. 

Pelvis held horizontally on its left or right side: Head in normal positions. 
(Fig. 2). 

Pelvis held horizontally on its back: Head in normal position, the front of the 
body flexed ventralward, the animal fixing his surroundings with great interest. 

Suspended with head downward: Considerable flexion of the head towards the 
back, muzzle upwards and head in normal position. 

Suspended with head upwards: Head in normal position. 


The above observations and other investigations of various dogs 
not reported here, tend to show that the dog, held up in the air, 
completely loses ifs sense of orientation directly after bilateral ex- 
tirpation of the labyrinth, but also that after a few days it gradually 
learns by the aid of his eyes to bring its head into the normal 
position. Already after two or three days this ability begins to 
appear; it is almost complete after a week and quite accomplished 
after about a fortnight. 

It is noteworthy that the development of optic “Stellreflexe’”’ could 
be traced in a dog, of which on Dec. 4 1918 Dr. Dusser Dk BARENNE 
had removed the greater portion of the cerebellum, so that at the 
post-mortem only the frontal part of the vermis and small remnants 
of the cerebellum were found laterally from the medulla oblongata. 
When oe Kreyn on March 3:4 1919 had performed on this animal 
the bilateral extirpation of the labyrinth, no trace of “Stellreflexe” 
could be observed during an investigation on the 23'4 of April and 
on the 26: of May, when the animal was held up free in the air 
with bandaged eyes. On the other hand the optie “Stellreflexe’”’ were 


Fig. 1. 
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quite distinet while the animal was investigated with open eyes. Lying 
on its sides, on its back and when theanimal was suspended with the head 
upwards, the head was brought into its normal position. When 
hanging with the head downwards, the cervical vertebral column 
was flexed considerably. It is evident, therefore, that also after removal 
of the greater portion of the cerebellum optic “Stellre jlexe” still react. 

In cats the same optie “Stellreflexe” may be observed as in dogs. 
Young, tame cats are fittest for this purpose, as most full-grown 
cats are too wild when being examined in the air, and thereby 
hamper the experiment. 


SUMMARY. 


Cats and dogs deprived of their cerebrum possess the same four 
groups of “Stellreflexe”, that have been described in a previous 
paper for rabbits. 

In the air these animals depend on the “Labyrinth-Stellreflexe” 
towards the head and on the cervical “Stellreflexe’”’ connected with 
them. When in such animals both labyrinths have been extirpated, 
they have completely lost their sense of orientation. 

It is quite different with dogs and cats with cerebrum. When 
they are trying to find their orientation in space, they make use 
also of their eyes. 

This may be demonstrated by examining them freely in the air 
after bilateral extirpation of the labyrinth. 

Direetly when the extirpation of the labyrinth has been carried 
out, dogs lose their sense of orientation almost completely, cats in 
a large degree. After a few days the animals have learned to use 
their eyes and sooner or later they are able, without labyrinths, to 
bring their heads into the normal position from the most varying 
positions in space. When watching the animals, it will be seen a 


Fig. 2, 
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once that they make use of their eyes and that the optic “Stellreflexe” 
reveal themselves after the fixing of the surrounding objects. On 
examination of such animals without labyrinths, blindfolded or not, 
the “Stellreflexe”” can be made to appear or to disappear at will. 

The fact that the optie “Stellreflexe’” react only in animals with 
unimpaired cerebrum, points to a correlation of the optie “Stellreflexe”’ 
with the presence of the cortex. This follows as a matter of fact, 
since dogs and cats deprived of their cerebrum, do not show optie 
reactions, except the pupillary reflex and the closing of the eyelids 
on exposure to light. 

It is interesting to observe the contrast between the dog and tlıe 
cat on the one side and the rabbit on the other. The normal rabbit 
with cerebrum has no optie “Stellreflexe”, and as regards “Stellreflexe’, 
does, therefore, not differ from a so-called Thalamus-rabbit. The 
apparatus essential in the rabbit for standing and for posture, is, 
indeed restrieted to the brain-stem; in dogs and cats connections 
with the cortex, probably with the optic cortex, as the experiments 
have proved, also come into account. Special experiments are needed, 
of course, to ascertain whether the mere cirumstance of the optie 
cortex being intact, is suffieient for the optic “Stellreflexe’”’ to present 
themselves. 

The fact that dogs and cats, directly after extirpation of the laby- 
Yinths lose their sense of orientation more or less, leads to the con- 
elusion that, in normal life, these animals use their labyrinths to 
obtain the orientation in space (in the air), and that for this purpose 
they use their eyes only when the labyrinths do not function properly. 

Within the first few days after bilateral extirpation of the laby- 
rinths it is easy to see how the animals gradually learn to use 
their eyes. 


Zoology. — “Rhythmical Skin-growth and Skin-design in Amphibvans 
and Reptiles”. By Prof. C. Pu. SLUITER. 


(Communicated at the meeting of March 27, 1920). 


Varentın HAscKER!) in a few very important communications and 
later on in a synthetic exposition has tried to give due value to a 
factor, until now little or not at all appreciated, in the explanation 
of the origin of the skin-design. Previous investigators, among whom 
I refer to Harrıson, ALLEN, TORNIER, GROSSER, ZENNECK and especially 
to v. RIJNBERK, chiefly tried to find a connection between the trans- 
versal stripes of the vertebrata and the segmental arrangement of 
other organs. ZENNECK, among others, found a connection between 
tbe appearance of pigment in the skin and the situation of blood- 
vessels in embryos of Tropidonotus natrix. The well-known researches 
of v. RiynBerk, partly made in collaboration with WINKLER, to which 
in some respects the work of others (SHERRINGTON, BOLK, LANGELAAN, 
etc.) is connected, try to find the most important factor for the 
origin of the skin-design in the segmental innervation of the skin. 

Thus the — in my opinion — ill-chosen term of ‘“dermatome” 
has found its way into the scientific terminology. This term gives the 
impression as if the skin itself had a metamerie structure, while the 
expressions of “overlapping of the dermatomes”, “summation and 
interferential zones of the dermatomes” all reinforce this erroneous view. 

Though some of the investigators have made it plausible, that in 
a number of cases the innervation and the design of the skin are 
correlated, yet one cannot derive from it a general guiding principle 
in explaining the design of the skin, and I think that we find in 
Hascker’s prineiple a wider base on which one might build with 
profit. This principle is deseribed by Haucker as follows: the skin-design 
of the vertebrata (and I prefer to add: also of the invertebrata) is 
dependent on the fact that the growth and the differentiation of tbe 
skin are clearly rhythmical. This rhythm is sometimes in correlation 


!) V. Hascker. Entwickelungsgeschichtliche Eigenschafts- oder Rassenanalyse 
Z.f. ind. Abstammungs- und Vererbungslehre. Vol. 14, p. 260, 1915. 

Idem. Zur Eigenschaftsanalyse der Wirbeltierzeichnung. Biolog. CGentralblatt 
Vol. 36, p. 448, 1916. 

Idem. Entwickelungsgeschichtliche Eigenschaftsanalyse. Jena 1918. 
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with the metamerism”of the body, but generally independent of it 
and in a hish degree autonomie. 

It is evident that it is easiest to trace the phenomena of this 
rhythmical growth in young animals and especially in quickly growing 
larvae or embryos. Thus Hascker found this rhythmical. growth for 
the first time confirmed in the larvae of Axolotl, as here the size 
of the cells, of which the epidermis is econstructed and the fact that 
it has only two layers of cells, was very _favourable for the research. 

The large number of embryos and larvae of reptiles and of 
amphibians of which the Zoological Laboratory at Amsterdam disposes, 
led me to investigate the rhythmical growth in the skin of these young 
animals with a view to afford a further confirmation of HArcker’s supposi- 
tion, that this rhytmical growth is the nearest cause of the skin-design. 

As to the larvae of the amphibians, I examined the skin of the 
of Megalobatrachus mazimus-larvae of the famous hatch of the 
Aquarium of the Society “Natura Artis Magistra’”. These larvae show 
very early a skin pigmentation, but Inever found a metameric design, 
as Hascker did in Axolotl. The pigmentation of the Megalobatrachus- 
larvae might rather be called diffuse, but not absolutely, as it is obvious 
on closer examination that the pigment, especially on the ventral 
side, is arranged more or less regularly in small groups. 

The idea struck me directly, whether this were a case of a type 
of skin-growth which was indicated by HasckEr as the “chess-board- 
type”, — theoretically possible, but not yet observed — and which 
was accepted by him as the possible original type of the skin-growth 
of the vertebrata. 

l found on microscopical examination of the skin of the larvae 
of Megalobatrachus mazxımus, but especially in a young stage of 
30 m.m. length, where the pigment formation was only in its first 
development, that the epidermic-cells were arranged very regularly 
indeed, into square fields in which, evidently the growth had proceeded 
centrifugally (Fig. 1). The cells Iying in the middle of every field 
were separated ınore sharply by more strongly developed marginal zones 
than the younger ones lying against the edge. The very first pigment 
granules appear in the middle of these square fields. This agrees 
with the observations, made by Gustav Tornıer '), who found that 
no pigment appears in cells that are still in the dividing stage, but 
as a rule in those parts of the skin which are growing rapidly. 
These spots, arranged regularly on the ventral side of the larvae 


ı) G Torsıer. Experimentelles über Erythrose. Sitz.ber. Ges. Naturf. Freunde. 
Berlin 1907. 
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have their origin in these accumulations of pigment. On the dorsal side, 
this design passes gradually. into a more or less diffuse pigmentation. 
The pigmentation however is not regularly diffuse on the dorsal 


Fig. 1. 


side, and especially not on the flanks of the bodies of the larvae. 
It is evident that the “cellstreams’”’, described by Hanzcker for 
the first time, are of importance for the pigmentation. The “cell- 
streams’”” were very obvious and strongly developed in the skin 
of the Megalobatrachus larvae, in a similar way as Harckzkr found 
them in Axolotl. These cellstreams are series of cells, which, 
radiating from special centra, divide more quickly andshove in between 
other groups of cells. Thus they form regions of möre intensely growing 
skin. (Fig. 2). This also seems to coineide with the distribution 
of pigment. I generally noticed that cellstreams radiated obliquely 
backwards from the well-known lateral sense organs. The pigment 
appears first close to the lateral sense-organs on the flanks of the 
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body, and spreads from there along the cellstreams over the flanks 
of the body. However in the case of Megalobatrachus there is no 
obvious pattern at all, which is probably connected with the fact that 


Fig. 2: 


the lateral sense-organs are distributed over the skin in a strikingly 
irregular way: While in younger larvae the shades of colour in the 
pigmentation of the skin, owing to {he cellstreams are obvious, they 
give place to a very regularly spread darker colour of skin in 
older larvae. 

Once having found in Megalobatrachus, that the skin-growth, and 
in connection with this, the first appearance of the autochtone pig- 
ment, not only occurs in a similar way, as Hazcker found in Axolotl 
larvae, but that the “chess-board type” was evident in a specially 
young stage of development, which Hascker supposed, but had not 
seen, — I tried to enlarge my investigation on the skin-growth in 
examining the embryos of different reptiles. The cytological exami- 
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nation, however, is much more diffieult with these, as first of all the skin 
of the embryos of reptiles is not constructed of two layers of epi- 
dermie-cells only, but especially because these cells are much smal- 
ler, so that the direetions of the cell grouping and the stages of 
division are much less visible than in the amphibian-skin with its 
large cells. Yet I succeeded at last in preparing large pieces of the 
skin of young embryos and in examining them entirely. Though 
my research on this subject is only in its first stage, I could state 
already that similar rhythmical growths appear in the skin of reptile- 
embryos, which coineide with the pigmentation. The development 
of the bodyform and with this the growth of the covering skin is 
much more complicated than in the generally simple cylindrical or 
barrel-shaped larvae of theamphibians. Many remarkable and impor- 
tant problems arise of this complication. It is evident that by 
preference those embryos are examined, that show peculiarities in 
their coat-patterns. 

Thus I examined in the first place the embryos of Draco volans, 
of which a large number of very different ages were collected by 
Dr. L. pm Bussy, at Medan, and presented to the Zoological Museum 
at Amsterdam. These embryos show a very clear and characteristie 
design, of which only a very indistinet image is left in the grown-up 
animals. First of all it may be stated that the design in question 
is quite independent of the metameric architecture of the rest of 
the body. This strikes us mosi in the design on the membrane 
between the prominent 5 or 6 ribs. In young embryos we see the 
appearance of 4 or 5 dark broad stripes which run obliquely across 
the ribs and thus cross the bloodvessels and nerves, which lie 

alongside the ribs (Fig. 3). We have probably to 

deal with a case of rhythmical, wavelike growth 
of the skin. Already at the first appearance these 
stripes appear as eontinuous pigment-zones in the 
. Intercostal membrane. A quicker growth and a 
coineiding pigment formation take place there. The 
whole pattern on this membrane seems to me a 
typical illustration of the fact that tbis design is 
nothing but a consequence of the rhythmical skin- 
growth. Also on the rest of the body of young 
embryos of Draco volans, one finds a distinet con- 
nection between the first appearing design and the 
places of strongly developed growth. Large ribbed 


ee 
scales appear very early along the flanks of the body and they 
remain when the animal is adult. These scales, whose place does 
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not correspond io the metamerism of the rest of the body, at the 
same time indicate the place, where, for the first time pigmentation 
appears in the skin. We find the first trace of pigmentation in the 
beginning of the high ridge ‘on the scales. Here of course is the 
place of most intense growth. From that point, the pigment spreads 
over the rest of the scale, to proceed from there gradually over the 
surrounding scales. Here also, I was able to observe cell-streams 
in many young embryos, where the large ribbed scales were only 
slightly to be distinguished. The design on the medial line of the 
back has likewise no connection whatever with the metamerisın 
of the body. It forms crescent-shaped spots, with the opening turned 
backwards; they are placed at more or less regular distances and 
point also to a rhythmical skin-growth, though up to the present 
moment, I was not able to find any cell-streams. 

At last I wish to point out some peculiarities which occur at the 
manifold transversal striping in the embryos of reptiles. It is well- 
known that Eımer accepted the longitudinal striped design as the 
original one and not only in the case of reptiles, but he made a 
general rule of this principle. Whether this theory is probable 
or not, may be left aside here; but in any case the fact remains 
diffieult to explain, that in a great number of embryos of lizards, 
serpents and crocodiles very distinet cross-stripes appear first, even 
with forms, showing longitudinal stripes in the adult. 

A number of embryos of Lygosoma olivaceum, collected partly by 
Dr. L. pw Bussy, partly by myself, were at my disposal. The whole 
of the trunk and the tail shows sharply marked, broad, dark, nearly 
black stripes, which alternate with comparatively narrow, white 
stripes, without pigment in the skin. In the first place, not the 
slightest coineidence is to be found between the extension of this 
stripe design and the metamerism of the rest of the body. The left 
and the right side are not symmetrical, so that it often happens 
that a dark stripe meets a white one on the medial line of tlıe 
back (Fig. 5). However it is well-known that this cannot form an 
argument against the metameric origin of the design, as the meta- 
meric spinal nerves and the bloodvessels to the left and the right 
are not always symmetrical. But also the number of the stripes is 
different on the twosides of the body and the following peculiarity 
of this difference is of great importance. 

As is more than well-known, the embryos of all the reptiles 
lie more or less like a spiral in the egg and now one generally finds 
that the dark stripes become broader and split into two at their 
broadest point towards the convex side of the body, re that 
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point a white stripe appeaıs. In this way a few more stripes oecuß 
on the eonvex side of the embryo, than on the concave side (Fig. 6). 


I saw the 
versal striated parts .of an embryo lay in a sharp curve. This 


Fie, 7. 


Fig. 5. Fig. 6. 


same phenomenon take place wherever the trans- 


was very obvious in the tail of the embryos of 
Gecko verticillatus, the well-known Tokke of the 
Duteh Indian Archipelago. The embryo’s tail is 
curled like a spiral, turned a little dorsally. And 
here too we find that considerably more cross- 
stripes appear at the ventral convex side than 
at the concave dorsal side. (Fig. 7). The same 
phenomena appear on the tail and the trunk of 
crocodile embryos, as is generally known. 

The question is raised now: what is the origin 
of this phenomenon? ] think that we must look 
for the explanation in the rhytmical skin-growth. 
At the convex side the growth is certainly more 
energetic than at the concave side, where the 
body is compressed and the skin is not so tightly 
stretched and has even a few folds. For the 
present it may be left an open question whether 
the reason is an insufficient nourishment at the 
concave side, caused by pressure on the blood- 
vessels and probably on the nerves, as Gust. 
ToRNIER ') supposes has taken place in an analogous 
case of snake embryos, deformed pathologically. 


l) G. TORNIER, l.c. p. 1210. 
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Though the proof has not been given at present that this is 
a case of more or less quick rıythm in the division of the skin-cells 
— 38 is the case with amphibians — we cannot help thinking 
that we must look for the. prineipal cause of the stripe design 
of the skin in rhythmical skin-growth. This may sometimes coincide 
with the rest of the metamerism of the body, but as a rule it is 
quite independent of it. 

The future will teach us whether the eonclusion to which TornırR 
arrives is not too optimistic. He thinks that it will be possible to 
infer partly- the conduct of every lizard or snake directly from the 
skin-design. In the first place it is necessary to trace, whether in 
the case of reptiles too, the stronger pigmented places of the skin 
of the embryos actually coineide with the places in the epidermis, 
where an intenser growth, and consequently a quieker division of 
cells oceurs. I found that with Draco volans this investigation is 
much more difficult, but not impossible and I hope to be able to 
give further data in a following communication. 
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Physiology. — “On the genetie relation between Iymphocytes and 
granulated leucocytes.” By J. os Haan and K. J. Frrınaa 


(Communicated by Prof. H. J. HAMBURGER). 


(Communicated at the meeting of Februari 22, 1920). 


There still exists a difference of opinion as regards the question 
to what extent the Iymphocytes and granulated cells of the blood 
can be regarded as closely related cell kinds. It is agreed in general 
that the (neutrophile) granulated cells, when once formed, form a 
type by themselves for which there ‚is no possibility of being trans- 
formed into other types of cells. Also with respect to the Iympho- 
cytes the majority of researchers would have them regarded as 
a type sui generis that under no circumstances can pass over into 
granulated cells. The possibility of forming the latter would in that 
case be reserved only for a particular cell kind, which, it is true, 
bears very much the appearance of the Iymphocytes, from which, 
however, they should differ fundamentally. These cells are distin-. 
guished by the name of “myeloblasts”. Itis accepted that they occur 
normally only in the bone-marrow and only very exceptionally and 
in highly pathological states there can be formed in other places 
also, a kind of bone-marrow or myeloid tissue by “metaplasia” of 
cells present in the adventia of the vessels. This dualistie theory 
which was most zealously propagated by Nägkuı at present claims 
the greatest number of supporters; a Ilymphocyte never becomes a 
granulated cell; the latter can originate only from myeloblasts, by 
way of granulated large mononuclear myelocytes. 

Besides this tbe monistic theory still finds numerous supporters 
of which Weipenreich and Maxımow claim the first place. They lean 
on this that embryonically in any case there is no question of a 
principial division between the granulated and the non granulated 
cells, that in lower organisms transitions between these two cell 
kinds have been ascertained, and, furthermore, on the fact that, up 
to this, attempts to attribute specific characteristics to myeloblasts which 
would prineipially distinguish them from other cells of the mono- 
nuclear type, have failed. Contrary to this the dualists hold that 
such a prineipial difference is afforded amongst others by the oxydase 
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reaction which is positive for myeloblasts whereas it always turns 
out negative for Iymphocytes. 

The monistic theory gives more satisfaction for the reason that 
it is more in accordance with the fact that blood and eonnective 
tissue are by far the most genuine bearers of embryonie characteris- 
ties; it is the tissue from which every thing can originate under 
favourable conditions. This also accounts for the fact that very 
numerous forms of amoeboid cells, the so called wander cells have 
been described, under new names every time, in different parts of 
the body. It is difficult here to give definite characteristics because 
these cells remain rather loose from each other and different kinds 
of cells are found in one anothers immediate proximity. 

For the rest the question should be a settled one for the unpre- 
Judiced researcher. Before long already it was found possible 
(amongst others by Maxımow by bringing corpora aliena into Iymph 
glands) to cause typical myeloid tissue to be formed in atypical 
places. NägzeLı, who for such cases is dead against the metastasis 
of myeloid tissue from the bone-marrow, could still speak of 
metaplasia here although this appelation does not cover the dualistie 
theory, because after all, it still means that latent characteristies 
under special external influences make their appearance, so that the 
characteristics of the myeloblasts also are a produet of external 
influenees. Now however that Maxımow ') a short time back told 
of his success in eultivating myelocytes from Iymph gland tissue of 
the rabbit in vitro with the aid of an extract of bone marrow, it 
seems to be high time to relinguish the idea that the myeloblasts 
have specific characteristics, and to accept the broader view that 
the unitarian tenet offers us. This is in accordance with the fact 
that all connective tissue elements are omnipotent up to a certain 
degree and that all these polentialities can be brought to light under 
different external conditions. All these possibilities have as result a 
very great variety of cell forms that can always be found in dif- 
ferent tints and forms of protoplasm and nuclei as for instance, in 
young formative tissue. As long as it has not been possible to show 
why, f£.i., the protoplasm of plasma-cells is basophile and why the 
one granulation has more acidie, the other more basie or neutral 
affınities, it is properly speaking not allowed to talk of specific 
characteristies of cells in such cases. Why, f.i., should a Iympho- 
cyte which does not give the oxydase reaction and does not exhibit 
typical granulation not have developed all these characteristics after 


1) C.R. S. d. B.; 69, p. 225 and 235, 1917. 
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an hour under modified eonditions? Maxımow thus demontraded that 
in the blood fluid with a slight change in properties the lympho- 
cytes assume the granulation and all the characteristics of the gra- 
nulated cells. The original account of Maxımow is too brief to allow 
of any: further partieulars being gleaned from it. 

We believe that in the account which follows here we are offering 
a contribution by which likewise is shown, that in. higher animals the 
blood Iymphocytes can change into granulated cells. The results of this 
research may allow us to give some brief remarks on the biology of 
the white blood corpuscles in general. 


The research upon which this communication bears, was carried on as a 
continuation of the work of one of us!) who has kept himself busy for a long 
time with the vital characteristics (glycogen concentration, phagocytosis, amoeboid 
movement etc.) of the exudation leucocytes of the rabbit. Detailed accounts about 
these will appear elsewhere. Only the method by which these leucocyles were 
obtained may be mentioned here. For this purpose 200 cc. of NaCl 0,9%/, or of 
a corresponding fluid were injected all at once intraperitoneally into rabbits. The 
following day this injection was repeated and a few hours later by means of a 
troicart, “he canule of which had a number of holes in its side, the exudation 
was drained from the abdominal cavity. This exudation was mostly present in 
quantities varying between 50—100 cc. üf necessary we rinsed with NaCl 0,9) 
and: contained always a large number of leucocytes. It appeared now, that this 
exudation followed practically without exception upon injection with all kinds of fluids: 
NaCl 0,9°/,, RINGER-solution, ultrafiltrate of serum of different animals, ultra- 
filtrate or NaCl 0,9 °/, diluted with blood serum of the serum of the rabbit. Even 
the fact of working more or less with sterile precautions made little difference; 
an injection of sterile NaCl 0,9 %/,, namely gave an exudation as well, while an 
agar culture of the fluid tapped off proved to be sterile. From this it was concluded 
that every slight change in the tissues gives rise to the formation of an exudation 
and to emigration of cells from the blood without it being necessary to accept for 
that reason the presence of special chemotactie substances, like f.i. the researches 
of Dorn?) attempt to prove. Also the addition of a small quantity of starch to 
the injection fluid, as was done at first in imitation of the well-known method for 
causing sterile exudations, proved to be wholly unnecessary. 

The exudation itself proved with the reagent of EsBAcH contained, independant 
of a longer or shorter stay in the abdominal cavity, + 1,2—1,5°/, protein, and 
after it had been deproteinised it reduced FEHLINGS solution to a slight extent. 
The abdominal cavity of the rabbit normally contains fairly eonstantly a small 
quantity of fluid, at times a considerable amount. In this transsudate there are 
found only mononuclear cells, the so called macrophags, about the origin of 
which so many conflieting, ideas existed and still exist. 

Introduction of 0,9°%/, NaCl which up to this has been done as a rule only 
for the purpose of studying the resorplive functions of the endothelial cells of the 
internal cavities of the body, thus brings about a total change in the abdominal 


) Vide J. os Haan, Archiv. Neerl. de Physiol., tome II, 4, p. 674 (1918). 
?) Vide Deutsch Arch. f. Klin. Med., 117, p. 206, (1915). 
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cavity; besides the undeniable resorption, there is also a strong emigration. 
(Moreover it is also mentioned by WEIDENREICH !) that the injection with salt 
solution can cause emigration). How strong this emigration actually is, will appear 
from the fact that it is often possible after centrifugation of the fluid tapped off, 
to obtain 1—3 ce. of pure leucocytes as a reaction upon the double injection, i.e. 
more white blood corpuscles than there are at any moment present together in 
the blood of the rabbit. 

The cells of the exudation apart from variations of minor character, were 
constantly the same. The mononuclear transsudate cells were still in the majority 
but sparcely present if the fluid was drained off about 3 hours after the first 
injection. There were then hardly any granulated cells present; on the other hand 
the cell-type was totally reversed if the fluid was tapped off in the usual way 
after the second injection. The quantity of cells was then increased many fold 
and consisted almost exclusively (+ 95°/,) of polynuclear granulated cells of the 
pseudo-eosinophile type such as are present in the blood of the rabbit. 

On the ground of several indications it was concluded that the mononuclear 
which occur first, owed their origin to a local reaction by disquamation of 
epithelial cells, and, that only the granulated cells emigrated from the blood. 
Further it appeared that the duration of life of these granulated cells as such 
outside the blood could be only exceedingiy short, and that in this case there is 
practically no question of any functions of living cells. This appeared f.i. from the 
fact that upon the introduction of starch grains or fat into the abdominal cavity 
where an exudation was already present, all cells were precipitated with the starch 
and without acting upon it were almost quantitatively destroyed and surrounded 
with formative tissne after a few days. If some days after the injection, the abdo- 
minal cavity is again rinsed, then these are again found prineipally mononuclear 
cells of which very many have taken up into their protoplasm one or more 
granulated cells. Thus to some extent a state of rest has set in again. The rabbit 
seems normal again; only on the first day it was a little out ofsorts. This animal 
and also other kinds of animals used (goat guinea pig) responds as regards its 
health only very slightly; Even a prick in the bowels is endured without further 
effects. 

Still the condition of the rabbit once used is not what is has been originally. 
This is apparent when after a week or a few weeks we inject it anew; already 
a few hours after the first injection we notice an exudation consisting nearly 
exclusively of polynuclear cells. 

What was found during the progress of the exudation, was for the greater 
part in agreement with what other researchers held in this connection. Itis known 
that the neutrophile granulated leucocytes when out of the blood tend to degenerate 
and the mononuclear to regeneration. But still as a rule the idea is entertained 
that, out of the blood the polynuclear cell carries out important functions as a 
living organism ; This can be denied on the grounds of our investigations. We do 
not aim at belittling the very important functions of these cells as carriers of 
organic matter such as, for instance, ferments. 


It was in continuation of these investigations, that we traced how 
the cireulating blood of the rabbit responded to {his emigration by 
milliards of the polynuclear cells. This appeared to be of such a 


1) Die Leukozyten und verwandte Zellformen. Wiesbaden 1911, p. 385. 
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nature that there seemed to exist a flagrant contradietion between 
‚the course of the blood formula of the different types of white blood- 
corpuscles and the cells found in the exudation. 

The numbers given by the different researchers as regards the 
percentage of the different kinds of white blood corpusceles in the 
blood of rabbit greatly diverge. Through the examination of a 
large number of rabbits we found the total number in ] c.mm 
of a drop of the eireulating blood as follows: total amount 
7.500 — # 12.000 of which, on an average 25—30°/, were 
“polynuclear celis and 70—75 °/, mononuclear cells, mostly 
smaller and larger Iymphocytes. Only very exceptionally as much 
as 50°/, polynuclear cells were found. This blood-formula in the 
rabbit is also, with respect to the proportion between the polynuclear 
and mononuclear cells, near enough just the reverse of what we 
find in man. More or less the same numbers are given by JÖRGENSEN '). 
One and the same rabbit exhibits on the whole osecillations of only 
minor importance. 

After the injection of NaCl. 0.9°/, however, the change is very 
marked. After the lapse of a few hours the blood corpuscles decreased 
in number to but 1,500—2,500 i.e. to about '/, the original number; 
during a short period the polynuclear cells had more or less disap- 
peared from the blood, but also the Iymphocytes decreased greatly 
in number. As an example I quote the following tabula: 


Rabbit I. Rabbit Il. 


Date. | Time. Lympho- | Polynucl. | Lympho- Polynucl. REMARKS. 
cytes. |leucocytes.| cytes. |leucocytes. 


Jan. 12 [10.30a.m. 10.175 2.500 7.650 2.075 


12.30p.m. — — —_ — Intraperitoneal injection 
of 200 cc. NaCi 0.99%). 
2 1; 2.950 275 2.200 75 
3 3 2.375 75 1.000 112 
4 2 1.700 800 | 1.300 500 
Jan. 13 | 9,30a.m.| 13.300 5.500 93225. 6.525 
10.30 „ —_ _ — == 


Intraperitoneal injection 
of 200 cc. NaCl 0.9%,. 


11.30 „ 1.950 5.800 4.050 1.850 
2 p.m.| 3.100 1.075 2.000 525 


We therefore see that the polynuclear cells rapidly diminish. The 
Iymphocytes diminish more gradually. After 3 to 5 hours this deerease 


') Skand. Arch. f. Physiol, XXXI, 4/6, p. 258. 
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of both kinds of cells however ceases, and makes place for a slow 
and regular increase. If on the following day the examination is 
made anew, then mostly a slight (at times a considerable) leuco- 
eytosis is observed, with, perhaps, on an average a relative increase 
of the quantity of polynuclear leucocytes (e.g. rabbit II), but still 
mostly a very large majority of Iymphoeytes exists. Repeated 
injections always show the same phenomenon: Thus the local distur- 
bance of equilibrium causes a reaction in the blood which lasts for 
a short time which reaction however is soon restored to equilibrium 
again. Also in the case of a many times repeated injection we always 
found this quick return to normal conditions. 

Already in the contemplation of this reaction on the formula of 
the white blood corpuscles in the cireulating blood we therefore 
come across difficulties if we adhere to a prineipial difference between 
Iymphocytes and leucocytes; for blood consists mainly of lymphocytes; 
after an injection we see all the elements disappear simultaneously 
from the blood but still the result is an exudation which cönsists 
almost wholly of polynuclear cells. 

To explain this, several things were possible. 

Firstly: There is the possibility that the Iymphocytes, unlike the 
polynuclear cells, do not permeate through the vessels but are only 
retained in the capillaries and afterwards return again to the circu- 
lating blood. It is not probable that this is exclusively the case 
because different researchers who have studied the formation of 
exudation saw besides the emigration of polynuclear cells also that 
of Ilymphocytes (Schwarz '), MAaxımov ”) and others). 

Secondly: It is possible that the emigrated leucocytes remain 
somewhere in the tissues after the emigration. This is in aceordance 
with the organisatory tendencies of the Iymphoid cell type. 

Thirdly. There is the possibility that all blood cells emigrate but 
that during that process the Iympbocytes, to some extent at least, 
get converted into polynuclear cells. The last exposition thus brings 
with it at the same time the acceptance of the unitarian point of 
view. By accepting this possibility of transition it will become clearer 
that during the course of life the number of Iymphocytes in the 
blood inspite of the continual influx undergo a percentile decrease, 
instead of still increasing, as would have to be expected, because 
there is hardly any destruction of Iympbocytes to be seen, and 
emigration does not take place to the same extent as with the poly- 
nuclear cells. lf however we accept that there is a continual tran- 


ı) Wien. Klin. Wochenschr., 1904, p, 1173. 
%) ZıkaLer’s Beiträge, 38, p. 301, 1908. 
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sition ‘of the total number of Iymphoeytes formed in the body into 
polynuclear cells the maintenance of the equilibrium is wholly 
explained. 

There was still to be explained why in the case of a repeated 
injection, inspite of a perfeetly similar reaction of the blood, the 
polynuclear cells in the exudation occurred at a much quicker rate. 

The microseopie examination of the tissues in and around the 
abdominal cavity, treated in the above way gave a satisfactory 
explanation of all the phenomena. The rabbit used for this purpose 
was treated in the following way. 

Firstly an injeetion of 200 e.c. of NaCl 0.9°/, at a time was 
given on two consecutive days; on the second day a suspension 
with 0.25 .e.c. of leucocytes was drained off. After about 14 days 
the injection was repeated during three consecutive days and on 
the third day there were tapped of more than 1 milliard leucocytes. 
Six days later the injection was again repeated during 3 consecutive 
days 'and on the third day + 4 milliard leucocytes were obtained. 
About 4 hours after a renewed injection on the 4! day the rabbit 
was killed. 

The abdominal cavity contained more than 150 e.c. of fluid with 
an enormous quantity of leucocytes. Allthe abdominal organs showed 
a strong hyperaemia. Especially the omentum was rich in blood 
and swollen to a thick greyish-brown tissue. The omentum and two 
pieces of the mesentery with the portions of the small intestine fixed 
to them: were hardened in sublimate and formol for further micros- 
copic examination. Slides of the omentum and mesentery coloured 
after Gıemsa showed that a large proportion of the white blood 
corpuscles which had disappeared from the blood had been depaosi- 
ted in the hyperaemic tissue. They were found in and around the 
blood vessels, sometimes in large conglomerates which consisted of 
Iymphocytes of different seizes up to plasma cells. Between these 
groups there were fat cells and especially connective tissue which 
was of a pronounced formative type: Large fibroblasts, newly 
formed capillaries, plasma cells upto magrophags. 

In some places several cells exhibited nuclear division. Further- 
more the ‚whole of the tissue was pervaded with a large number 
of leucocytes, in great numbers especially along the endothelial 
layer of the tissues. This was very distinet in a preparation of the 
surface-view of a thin part of the membrane; by far the greater 
number of the cells were polynuclear in this case. 

A number of the mononuclear cells elearly show a transition into 
the polynuclear form. Here and there occurred larger and smaller 
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groups of cells (sometimes also separate cells) consisting for the 
‚greater, or, in cases, also lesser part, of _ myelocytes — large cells 
with round or kidney-shaped nuclei and with a pronounced granu- 
lation in their protoplasm of the same character as that of the poly- 
nuclear cells; ‘the fact that these. cells together with other, greater 
and smaller nongranulated cells of the Iymphoid type, and plasma 
cells, oceurred together in one group, removed all doubt about these 
cells being evolved from Iymphocytes. A number of these cells were 
rather small and of the Iymphoid type, others were already large 
but not granulated. Many had a basophile protoplasm with pseudo- 
eosinophile granules. These groups lay mostly perivascular. A few 
myelocytes were noticed to be in different stages of cell division. 
Besides these there oceurred conglomerates of almost fully developed 
polynuclear leucocytes. Slides of the normal omentum ‚looked quite 
different: Resting endothelial cells with some resting connective 
tissue cells between them. 

In this way there was formed, through a slight stimulus as an 
injection of NaCl 0.9°/, in the abdominal cavity, repeated a few 
times, partly through local reaction, but mostly through the deposition 
of blood elements, a young tissue process of enormous extension. 
In this region there had been deposited the Iymphocytes which had 
disappeared from the blood, which lymphocytes, together with the 
hyperaemic regener'ation tissue, characterised the whole as myeloid tissue. 

In this way the disappearance of the Iymphocytes from the cir- 
eulating blood is explained, and also the fact that, inspite of this 
disappearance, practically only polynuclear cells are met with in 
the exudation: the Iy es are  partly at least converted into 
polynuclear cells. | 

This also explains why upon a later röpealed injection the animal 
responds in such a way that there is a faster occurrence of poly- 
nuclear cells in the exudation. The myeloid tissue in the abdominal 
cavity has not quite come to rest again and responds to the new 
stimulus of NaCl solution again by an instantaneous conversion of 
the Iymphoecytes which were present, and those which were con- 
veyed there, into granulated cells. 

We can therefore conelude that the injection of NaCl 0.9 °/, forms 
a stimulus through which by far the greater number ofthe white blood 
cells present in the eirculating blood accumulates in the capillaires 
of the abdomen; in addition there is also seen a reaction of the 
connective tissue elements through the same stimulus and out of 
these two reactions there results a tissue which is perfectly similar 


to myeloid tissue. 


970 


Again, from this it is evident once more, that the observed formula 
of the white blood eorpuscles in the eirculating blood gives but a 
very inaccurate idea of the manner in which they can occur in 
the whole of the vascular system. Only those white blood cells 
which are carried along with the blood, flow out of the finger and 
the veins of the ear. A considerable part will however be retained 
to a greater or lesser extent in the capillary region where there is 
a very great surface action. 


A slight stimulus, such as the injection of a practically harmless 
fluid, in the abdominal cavity can cause a strong increase of that 
adhesion locally, and in this way, this adhesion after a few repeti- 
tions of the injection has the effeet of sifting the blood free from 
white blood corpuscles in the capillaries of the abdomen. To a small 
degree this will undoubtediy always take place normally. In this 
local accumulation it comes to an increase of cells through division 
and besides, to a differentiation, in other words to a temporary, 
movable organ for the forming of different kinds of white blood 
corpuscles. This organ then owes its origin to the same extent to 
both blood and connective tissue. By looking at things in this light 
we could regard the bone-marrow not only as the factory of blood 
elements which are delivered into the blood; we would be equally 
justified in saying the reverse, namely that the elements of the 
blood are constantly attracted in the capillaries of the bone-marrow 
as a continuation :of what takes place in the formation of bone in 
the embryo. In this way a tissue will arise that, in its turn, 
rejuvenates the blood, so that we have here the eternal process of 
reversion and equilibrium which we always find inthe functions of 
the living cell. 

We can expand the subject still further; trom the moment that 
the blood is formed in the embryo there arises an indisputable sepa- 
ration between tissues and blood which makes itself evident by the 
difference in quantity of albumen, and the difference in the nature 
of the cells. As an utterance of this contrast we f.i. find that the 
polynuclear cells which belong normally to the blood cannot exist 
in the tissue fluid. But on the other hand there undoubtedly is an 
attraction between the two elements, and this reveals itself especially 
in the capillary areas; there the difference is less pronounced and 
there also cellular and dissolved substances are interchanged. We 
could say that blood and tissue have a separated existence, have so 
to say opposite charges. i 

Consequently the cells that wander in the blood always have an 
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affinity for the tissues (capillary attraction) and the tissue elements 
in their turn for the blood. We can now further accept with reason 
that the tissue cells, the Iymphocytes, as soon as they have entered 
the blood, will not retain their properties which they have in the 
tissues, unchanged; as all living matter under changed eircumstances 
they will change their protoplasm, for all cell life is nothing but 
the interchange of protoplasm with the environment. 

Where now the neutrophile cells can only exist in the blood it 
is obvious to reason that the origin of the neutrophile granulation, 
with all vital properties connected with it, must be an issue of the 
conditions of life made possible in the blood, whatever these condi- 
tions may be (eg. can be mentioned the presence of red blood 
corpuscles, higher albumen percentage etc., etc.). The one affects the 
other and vice versa; for instance it could readily be supposed that 
the formation of red blood corpuscles and neutrophyles results from 
the higher albumen percentage, and again that the latter in its turn 
owes its origin to the said cell elements. It is just also possible 
that definite changes in the blood (slow current or modified reaction) 
form 'the stimulus which leads to the transformation of the proto- 
plasm. 

From this follows that by the continual supply of tissue cells to 
the blood a kind of equilibrium ensues. The constantly formed 
neutrophile cells which are the chief bearers of the blood charac- 
teristies will also have the greatest tendency to emigrate, since, 
however, their protoplasm is changed irreversibly they very soon 
perish in the tissues and that for the greater part Iytically. This 
emigration will always take place if the contrast between blood and 
tissue becomes greater, and this will, inter alia, be the case in 
every abnormal function of the tissue which is the result of an 
injeetion. The increased contrast will lead to a more abundant emi- 
gration of polynuclear cells and to strong local attraction of the blood 
Iymphoeytes. By this accumulation into masses in the capillaries the 
contrast is, however, soon neutralised i.e. the difference between 
blood and tissue becomes less evident; so called myeloid tissue 
comes into being; on the one hand the endothelial cells form new 
- capillaries and thereby come into contact with the tissue, on the other 
hand also Iymphocytes, granulated cells, and blood albumen enter 
amongst the tissue elements. The embryonie state returns, the diffe- 
rent types of cells found here, keep another in equilibrium and here 
we also notice the change of Iymphocytes into granulated cells 
which now can emigrate further to the exudation, if the stimulation 
of the tissue still eontinues, or enter the blood. In agreement with 
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restored again. 

A similar local mingling of blood and tissue Shetn be accepted 
for bone-marrow under the influence of a permanently existing 
stimulus which retains and rejuvenates the elements of the blood. 
Myeloblasts therefore in accordance with this conception could only 
be formed from so-called undifferentiated cells there where definite 
proporties of the blood are still present, therefore in the immediate 
vieinity of, perhaps also in 'the blood vessels; to all appearances 
the factors for this are more markedliy present if many Iymphoid 
cells aceumulate locally combined with an abundant blood supply, 
and it does not happen at all there, where any important influence 
of the blood fails, as in Iymph glands. In this way it can be ex- 
plained why the metaplasia of the 'spleen into myeloid tissue is 
never observed in the Malpighian corpuscles but always in the pulpa 
which is rich in blood. In the pulpa the elements of blood and 
connective tissue are indiscriminately mished. On the ground of what 
has been mentioned above, it seems us better, in the case of the 
different cell types of mesenchymal origin, not to speak of strongly 
separated specific cell-types, for which there is no possibility of 
transition in one another; we should prefer to say, that all the 
different cell forms here are the result of the action of the varying 
conditions of tbe surrounding fluid, which on its turn: is continually 
changed through the living cells; in the state of equilibrium issuing 
from this, perhaps one cell-type will prevail, but a modification of 
the fluid will at the same time cause a change in this equilibrium, 
so as to make that perhaps another form of cell will get the upper 
hand; only for the granulated cells, if once formed, there is no 
possibility for a reversal process. According to the presence of two 
chief liquids in the body, differing widely, it is reasonable, that we 
also met with two chief types of cells of which one prevails in one, 
the other in another medium; thus the bone-marrow shows normally 
a transformation into granulated cells, while the spleen consists 
principally of Iymphoid tissue, although by no means exclusively. 
Under changes, due to pathological changes in the milieu, the 
development of the cells can be modified, as happens in the case 
of the different forms of leukaemia. 


SUMMARY. 


What has been discussed above can be summarised as follows: 
The total number of white blood corpuscles that 
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occurin 1 c.m.m. of the blood which flows from avein 
in the ear of a rabbit, amounts to about 7000--12000. Of 
these about 75°/, are Ilymphocytes and about 25°/, gra- 
nulated cells. After an injection’of NaC10.9°/, in the 
abdominal cavity there is a very considerable decrease 
inthe number of cellsin the bloodin whichbothkinds 
of cells take part in the same degree. This diminution 
reaches its minimum already after a few hours and 
then makes place for a gradual increase again. 

The cells which have disappeared from the blood 
are met with again in the abdominal cavity; the fluid 
here rich in cells contains, however, almost exelusi- 
vely polynuclear leucocytes. The Iymphocytes take 
part in the formation of a young formative tissue 
which clearly bears the characteristics of myeloid 
tissue. Here in many places and accompanied by an 
increase in the number of cells Iymphocytes are seen 
to pass over into myelocytes and polynuclear cells by 
the way of plasma cells, which polynuclear cells 
spread out from the centre where they originate. The 
result also of the created disturbance of equilibrium 
is in the first place direct emigration of polynuclear 
leucocytes and besides that the formation of myeloid 
tissue at the place where the disturbance of equili- 
brium was brought about. In the formation of this 
myeloid tissue the greater majority of the Iympho- 
cytes which have disappeared from the blood take 
part; by way of this myeloid tissue as intermediate 
station finally also the Iymphocytes partly at least 
land in the exudation as polynuclear cells. 

Groningen, Februari 1920. Physiological Laboratory. 
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